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VISIBILITY  OF  RADIANT  ENERGY/ 

By  K.  S.  Gibson  and  E.  P.  T.  Tyndall. 


ABSTRACT. 

In  cooperation  with  the  Nela  Research  Laboratories  a  new  determination  of  the 
visibility  of  radiant  energy  has  been  made  by  the  step-by-step  method,  an  equality- 
of-brightness  method  with  little  or  no  hue  difference  in  the  two  parts  of  the  photo- 
metric field.  Between  490  and  680  m^t,  inclusive,  measurements  were  made  upon 
52  observers,  some  of  them  cormnon  to  previous  investigations;  for  38  of  these  observers 
measurements  were  continued  to  include  430  and  740  m/t. 

Energy  values  were  based  upon  radiometric  and  spectrophotometric  measurements 
made  at  the  bureau,  checked  by  an  independent  color  temperattu-e  meastu-ement  at 
the  Nela  Research  Laboratories.  Luminosity  values  were  obtained  with  a  Brace 
spectrophotometer.  The  step  was  made  by  moving  the  collimator  slit.  The  ratios 
of  luminosities  were  measured  with  a  Brodhuu  variable  sector.  The  photometric 
field  was  the  divided  circle  type  subtending  an  angle  of  3°.  Brightnesses  were  safely 
above  the  Piu-kinje  region  except,  perhaps,  at  the  ends  of  the  spectrum.  Detailed 
comparisons  are  made  between  the  individual  and  average  results  of  this  investigation 
and  those  of  previous  investigations.  , 

There  is  no  certain  difference  between  the  average  values  of  visibility  obtained  by 
the  flicker  and  equality-of-brightness  methods,  provided  the  former  is  used  tmder 
the  experimental  conditions  recommended  by  Ives  and  the  latter  does  not  depart 
too  widely  from  these  conditions. 

A  revision  of  the  I.  E.  S.  mean  curve  is  proposed  which  results  in  better  agreement 
with  the  average  experimental  visibility  data  and  still  gives  the  same  wave  length 
center  of  gravity  for  light  of  a  color  temperature  of  2,077°  ^-  ^^  is  given  by  Ives's 
physical  photometer  solution. 
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I.  INTRODUCTION. 

By  the  visibility  of  radiant  energy  is  meant  the  ratio  of  luminosity 
to  radiant  power — the  luminous  efficiency — at  the  various  wave 
lengths  (or  frequencies)  in  the  spectrum;  that  is,  V-^==LjEx. 
This  may  be  expressed  in  absolute  units — for  example,  in  lumens 
per  watt — but  is  more  often  considered  from  the  relative  stand- 
point with  reference  to  unity  at  the  maximum.  This  relative  visi- 
bility has  been  measured  by  several  investigators  with  a  total 
number  of  observers  that  is  now  more  than  250,  and  the  number 
and  extent  of  these  investigations  show  the  importance  ^hich  has 
been  attached  to  an  accurate  determination  of  this  function. 

It  is  obvious  from  the  meaning  of  the  term  that  the  measure- 
ment of  relative  visibility  necessitates  the  measurement  of  rela- 
tive spectral  luminosity  and  relative  spectral  radiant  power. 
Since  the  measurement  of  relative  luminosity  can  be  made,  directly 
or  indirectly,  only  by  some  photometric  method,  any  peculiarity 
of  this  method  should  be  intimately  connected  with  the  form  of 
the  visibility  curve. 

There  are  but  two  methods  of  photometry  which  are  in  com- 
mon use  to-day.  These  are  known  as  the  equality-of-brightness 
method  (simultaneous  comparison)  and  the  flicker  method  (alter- 
nate comparison) .  The  equality-of-brightness  method  is  the  older, 
and  for  lights  of  the  same  quality  of  color  (hue  and  saturation)  is 
capable  of  greater  precision  than  the  other.  The  precision  of 
measurement  by  the  equality-of-brightness  method,  however,  de- 
creases as  the  difference  in  the  color  quality  of  the  two  lights 
increases,  and  for  most  observers  the  attempt  to  photometer  lights 
of  widely  different  quality — for  example,  white  with  red,  green,  or 
blue — is  subject  to  enormous  uncertainty.  On  the  other  hand, 
the  precision  by  the  flicker  method  is  affected  but  little  by  differ- 
ences in  quality  of  color. 

The  meastuement  of  relative  spectral  luminosity  consists,  essen- 
tially, in  the  determination  of  relative  brightness  at  the  various 
wave  lengths  of  the  spectrum.  Because  of  the  difficulty  of  making 
such  measurements  by  the  simple  equality-of-brightness  method 
relatively  little  information  of  present  value  has  been  thus  obtained 
except  at  low  brightnesses  where  the  Purkinje  phenomenon 
appears;  nor  does  it  seem  possible  to  obtain  any  extensive  reliable 
data  by  this  method  where  large  differences  of  hue  exist  in  the 
two  parts  of  the  photometric  field.  Other  methods  have  also  been 
tried,  known  as  the  threshold-of-vision,  the  acuity-of-vision,  and 
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the  critical-frequency  methods,  but  for  one  reason  or  another  these 
were  not  found  suitable  for  such  investigations  as  have  been  con- 
ducted during  the  last  10  years.  Descriptions  of  these  methods, 
with  references  to  the  original  work,  may  be  found  in  papers  by 
Ives  (i)^  and  by  Coblentz  and  Emerson  (2). 

By  means  of  the  flicker  photometer,  however,  several  reliable 
investigations  of  the  visibility  of  radiant  energy  have  been  made, 
the  work  of  Ives  (3),  Nutting  (4),  Coblentz  and  Emerson  (2), 
Reeves  (5),  and  So  (6)  beiag  the  most  notable;  but  in  spite  of 
these  extensive  data  the  nature  of  the  visibility  function  was  still 
somewhat  indefinite.  This  was  not  only  a  result  of  the  rather 
large  differences  obtained  for  the  average  visibility  by  these  several 
investigators,  but  was  also  a  consequence  of  the  general  question 
as  to  whether  or  not  for  lights  of  different  color  quality  the  flicker 
photometer  gives  measurements  comparable  with  those  obtained 
by  the  widely  used  equality-of -brightness  method.  That  it  does 
not,  under  certain  circumstances,  is  readily  granted  by  all.  That 
it  does,  under  certain  specified  conditions  of  field  size  and  bright- 
ness and  possibly  other  factors,  is  one  of  the  points  at  issue. 

Ives,  who  was  the  first  to  make  an  extensive  investigation  of 
visibiHty  by  the  flicker  method,  prefaced  his  measurements  by  a 
study  (i)  of  the  effect  of  the  field  size  and  brightness  upon  the 
results  obtained  by  the  two  methods.  He  came  to  the  conclu- 
sion that  a  field  size  of  approximately  2°  and  a  brightness  of 
approximately  2.5  millilamberts  (7)  (i)  (3)  were  the  essential 
conditions  which,  brought  the  two  methods  into  agreement.  All 
the  subsequent  flicker  measmrements  of  visibiHty  have  been  made 
with  this  size  of  field.  Brightnesses  have  varied  from  that  used  by 
Nutting,  somewhat  greater  than  Ives's,  to  that  used  by  Coblentz, 
about  one-fotirth  of  Ives's.  As  noted  above,  the  differences 
between  the  results  obtained  in  the  several  investigations  are 
rather  large,  and  it  is  not  readily  apparent  from  these  data  that 
these  differences  bear  any  relation  to  the  brightnesses  used. 

The  2°  field  thus  recommended  by  Ives  is  considerably  smaller 
than  the  usual  Lummer-Brodhun  field  so  widely  used  in  photo- 
metric measurements.  It  was  therefore  questionable  whether  the 
flicker  visibiHty  data  could  be  legitimately  employed  in  computa- 
tions based  upon  photometric  data  obtained  with  the  larger  fields. 
Furthermore,  granted  it  were  correct  to  use  data  obtained  by  a 
different  method  and  under  different  experimental  conditions,  the 
discrepancies  among  the  various  flicker  data  made  it  very  difficult 
to  decide  upon  any  average  visibiHty  curve.     For  these  and  other 

•  The  figures  given  in  parentheses  here  and  throughout  the  text  relate  to  the  reference  numbers  in  the 
Bibliography  given  at  the  end  of  the  paper. 
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reasons  discussed  in  detail  in  their  paper,  Hyde,  Forsythe,  and  Cady 
made  a  new  statistical  determination  of  relative  visibility.  They 
used  the  step-by-step,  or  cascade,  method,  which  is  an  equaHty- 
of-brightness  method  with  little  or  no  hue  difference  in  the  two 
parts  of  the  photometric  field,  and  chose  their  conditions — afield 
size  and  brightness — similar  to  those  used  with  the  ordinary 
I/ummer-Brodhun  field.  The  average  curve  they  obtained  came 
within  the  extreme  average  values  which  previous  investigators 
had  obtained  by  the  flicker  method,  though  in  the  orange  and  red 
it  was  lower  than  all  but  one  of  the  flicker  curves.  Their  investi- 
gation showed  the  entire  feasibility  of  the  step-by-step  method 
as  a  means  of  obtaining  reHable  average  visibility  data  by  equality- 
of-brightness  photometry. 

In  connection  with  a  contemplated  committee  report  on  hetero- 
chromatic  photometry  and  related  subjects,  and  in  view  of  the 
fact  that  only  the  one  reliable  and  extensive  investigation  of  visi- 
bility had  been  made  by  the  equaHty-of-brightness  method  as 
against  several  by  the  flicker  method.  Dr.  Hyde,  of  the  Nela 
Research  Laboratories,  as  president  of  the  U.  S.  National  Com- 
mittee of  the  International  Commission  on  Illumination,  requested 
the  Bureau  of  Standards  to  make  this  new  measiu-ement  of  visi- 
biUty  by  the  step-by-step  method,  and  the  National  Lamp  Works 
of  the  General  Electric  Co.  has  contributed  very  generously  to  the 
financial  support  of  the  investigation. 

The  authors  have  had  the  advice  of  a  committee  appointed  by 
the  director  of  the  bureau,  consisting  of  Messrs.  Skinner,  Critten- 
den, and  Priest.  They  are  also  indebted  to  M.  C.  Malamphy  for 
assistance  in  the  operation  of  the  apparatus  for  the  luminosity 
meastirements  and  in  the  extensive  computations  connected  with 
the  investigation.*  They  would  also  thank  all  those  who  so 
readily  gave  of  their  time  to  the  measurements. 

The  step-by-step  method  of  measuring  visibility  is  so  called  from 
the  fact  that  the  luminosity  for  an  observer's  eye  under  given 
conditions  at  any  wave  length  is  measured  simultaneously  relative 
to  that  at  a  slightly  different  wave  length,  this  latter  relative  to 
that  at  a  third  wave  length,  and  so  on  throughout  the  spectrum, 
the  luminosity  at  each  wave  length  being  compared  with  that  at  a 
closely  adjacent  wave  length  and  the  size  of  step  between  wave 
lengths  being  so  chosen  that  httle  or  no  hue  difference  is  percep- 
tible between  any  two  wave  lengths  being  compared.  With  these 
successive  ratios  of  luminosity  it  is  then  possible  to  compute  the 

•They  are  further  indebted  to  H.  J.  McNicholas  for  advice  in  connection  with  the  study  of  precision;  to 
C.  If.  Snow,  who  made  most  of  the  illustrations;  and  to  Messrs.  Keegan,  Cromei;,  and  Durr  for  assistance  in 
the  computations. 
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relative  luminosity  curve  for  the  region  of  the  spectrum  studied. 
Reduction  of  this  curve  to  an  equal  energy  basis  gives  the  visibiHty 
curve  as  usual. 

It  might  at  first  seem  that  this  method  would  require  a  prohibi- 
tive number  of  photometric  settings,  but  as  noted  by  other  inves- 
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Fig.  I . — Outline  of  apparatus  used  for  the  luminosity  and  energy  measurements. 

tigators  it  is  possible  to  take  readings  at  a  comparatively  few  wave 
lengths,  plot  a  ciurve,  and  obtain  the  values  of  the  ratios  of  lumi- 
nosity from  this  curve.  Various  details  of  this  method  are  dis- 
cussed later. 
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II.  AUXILIARY  WORK. 

1.  APPARATUS. 

The  arrangement  of  the  apparatus  is  outhned  in  Figure  i.  As 
noted  in  the  diagram,  the  continuous  lines  refer  to  the  luminosity 
measiuements,  the  dotted  lines  to  the  determination  of  radiant 
power  or  energy.  Luminosity  was  measured  on  the  Brace  spec- 
trophotometer, energy  on  the  Ivummer-Brodhun  spectrophotom- 
eter. Variation  in  the  brightness  of  the  photometric  field  of 
either  instrument  was  obtained  by  the  rotating-rhomb-and- 
variable-sector  device  R  or  R'.  The  source  of  light  was  the 
diffusely  reflected  light  from  the  interior  back  wall  of  the  light 
box  L.  In  the  luminosity  measurements  the  same  sotuce  of 
light  was  thus  used  for  both  beams  i  and  2,  a  simple  voltmeter 
control  being  sufficient.  Various  details  concerning  the  construc- 
tion and  use  of  the  apparatus,  as  well  as  methods  of  caHbration 
and  measurement,  will  be  foimd  below,  or  elsewhere  in  the  paper. 

The  Brace  (75)  spectrophotometer  was  a  Sclimidt  &  Haensch  instrument,  kindly 
loaned  to  the  bureau  for  this  investigation  by  the  University  of  Nebraska.  Slits  S^ 
and  ^3  were  bilateral  and  accurately  graduated  in  htmdredths  of  millimeters.  Slit  Si 
was  made  of  constant  width,  0.20  mm,  and  was  adjustable  at  right  angles  to  its  length 
in  the  focal  plane  of  the  collimator  lens.  This  adjustment  was  controlled  by  a  screw 
of  J-mm  pitch  with  a  drum  divided  into  100  parts.  The  focal  length  of  the  lenses 
was  about  2  5  cm.  The  prism  was  of  the  usual  type,  two  30°  flint-glass  prisms  cemented 
together  with  a-monobromonaphthalene,  with  a  silver  strip  6  mm  wide  along  the 
middle  from  base  to  apex.  It  was  set  for  minimum  deviation  at  wave  length  578  iriju. 
The  index  of  refraction  for  the  sodium  D  lines  was  1.6492.  The  total  length  of  spec- 
trum between  the  He  lines  447 .  i  and  706 . 5  mju  was  about  2 1  mm .  By  raising  the  prism 
and  putting  a  13-mm  diaphragm  over  the  telescope  lens  a  photometric  field  of  the 
sort  shown  was  obtained  with  a  single  dividing  line  between  the  parts.  Its  angular 
aperture  was  about  3°.  Diaphragms  in  both  collimators  and  in  the  telescope  helped 
reduce  the  stray  light.  In  addition,  the  prism  was  repolished  and  a  new  silver  strip 
put  in  especially  for  this  investigation,  and  the  lenses  and  prism  were  kept  care- 
fully cleaned.  The  unavoidable  stray  light  still  remaining  was  accounted  for  as 
explained  in  Section  11,  5.  The  use  of  the  instrument  in  the  limiinosity  measure- 
ments is  described  in  Section  III,  i. 

The  Lummer-Brodhun  spectrophotometer  (16)  was  used  in  the  ordinary  way  with  the 
contrast  field.  The  slits  were  all  bilateral  and  accurately  graduated  in  hundredths 
of  millimeters.  The  focal  length  of  the  lenses  and  dispersion  of  the  prism  were  prac- 
tically identical  with  those  of  the  Brace  spectrophotometer.  Diaphragms  in  the 
collimators  and  telescope  and  a  careful  cleaning  of  all  the  optical  siu-faces  reduced 
the  stray  light  so  far  as  possible;  that  remaining  was  eliminated  by  means  of  selective 
ray  filters  placed  before  the  ocular  slit.  This  was  necessary  only  at  wave  lengths 
beyond  660  mn  and  480  mju,  approximately.  The  method  of  use  of  the  instrument  for 
the  energy  measurements  will  be  understood  by  reference  to  Figure  i  and  Section 
II,  2.  Itwas  also  used  to  meastire  the  spectral  transmission  of  the  Brace  spectrophoto- 
meter, as  described  in  Section  II,  3. 
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The  wave  length  calibration  of  the  arbitrary  scale  of  each  instrument  was  made  by 
means  of  various  Hg,  He,  Ne,  and  Cu  spectral  lines.  The  equation  of  each  calibration 
curve  was  obtained  in  the  modified  form  of  Hartmann's  (17)  empirical  formula: 


X-Xo 


where  j=scale  reading,  X=wave  length,  and  Sq,  c,  and  \  are  constants.  The  con- 
stants were  obtained  by  use  of  the  wave  lengths  706.5,  546.1,  and  435.85  m^it  and  the 
corresponding  scale  readings.  (Values  of  j  computed  at  every  20  m/t  for  the  Brace 
spectrophotometer  checked  the  graphical  values  of  s  within  i  xnn  between  390  and  750 
m.n  and  over  most  of  the  range  much  closer  than  that. )  The  constants  being  obtained, 
the  values  of  dkjds  were  then  computed  at  every  20  m/n  and  the  resulting  values  plotted 
against  X.  The  ctu-ve  for  the  Brace  spectrophotometer  is  given  in  Figure  3.  Values 
of  dXjds  for  the  two  instruments  bore  a  constant  ratio  to  each  other  within  a  few  thou- 
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Fig.  2. — The  Brodhun  variable  sector. 

sandths  of  i  per  cent.  The  amount  of  spectrum  included  by  the  various  slit  widths 
used  in  the  investigation  may  be  obtained  from  Figtue  6,  where  the  change  in  wave 
length  (millimicrons)  is  given  for  a  0.25-mm  displacement  of  5i.  Practically  the 
same  values  hold  on  the  Lummer-Brodhun  spectrophotometer. 

The  rotating-rhomb-and-variable-sector  device,  which,  for  short,  wUl  be  spoken  of 
merely  as  the  variable  sector,  was  after  the  design  by  Brodhun  (18).  The  essential 
parts  (fig.  2)  are  a  pair  of  glass  rhombs  G,  which  are  rotated  rapidly  as  a  tmit  by  a  motor 
about  the  axis  A  A'  (which  is  the  direction  of  the  incident  and  emergent  light),  and  a 
variable  sector  R  whose  angular  aperture  is  controlled  by  the  operator.  The  relative 
values  of  the  sector  openings  are  read  from  a  scale  attached  to  the  instrument.  Thus 
the  sector  is  fixed  in  position  and  the  beam  of  light  rotates  across  it,  instead  of  the 
light  being  fixed  and  the  sector  rotating  as  is  the  case  with  most  sectored  disks.  Inas- 
much as  not  only  the  Ituninosity  measurements  but  also  the  measurements  of  the 
energy  of  the  sotirce,  the  transmission  of  the  spectrophotometer,  and  the  determination 
of  stray  light  were  all  to  be  obtained  by  means  of  this  variable  sector,  it  was  subjected 
50261°— 23 2 
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to  very  careful  tests  as  to  the  relation  between  the  scale  reading  and  the  light  trans- 
mitted. By  a  careful  comparison  with  standard  rotating  sectored  disks  calibrated  by 
the  photometry  section  of  the  bureau  this  relation  was  found  to  be  strictly  linear 
between  about  10  and  105  on  the  scale.  (The  maximimi  sector  opening  possible  is 
somewhat  larger  than  180°,  and  100  on  the  scale  corresponds  to  an  opening  of  180°. ) 
This  was  ftulher  tested  by  measuring  the  transmission  of  standard  glasses  (19)  with 
both  the  Lummer-Brodhun  and  Brace  spectrophotometers,  and  transmissions  as  low  as 
one-half  of  i  per  cent  were  obtained  with  surprising  accuracy.  Both  these  tests  showed 
also  that  the  zero  of  the  scale  corresponded  to  zero  transmission  of  light  so  far  as  could 
be  detected,  probably  at  least  within  one  or  two  tenths  of  a  division.  As  a  precau- 
tion, however,  in  the  energy,  transmission-of-spectrophotometer,  and  Itmiinosity 
measurements,  the  scale  reading  was  kept  as  high  as  was  feasible. 

The  light  box  L  (fig.  i)  was  of  sheet  steel,  the  inner  side  and  top  covered  with  white 
enamel  and  the  base  with  plaster  of  Paris;  and  the  whole  interior  was  finally  coated 
heavily  with  magnesium  oxide  put  on  by  biuTiing  magnesium  ribbon.  Slots  in  the 
bottom  where  the  lights  were  fastened,  the  emergent-light  tubes  in  the  side,  and  the 
conical  top  with  tall  chimney  combined  to  furnish  sufficient  self-ventilation  to  pre- 
vent undue  heating.  Eight  600-watt  Mazda  C  lamps  were  placed  inside  as  shown. 
These  could  be  burned  in  pairs  (symmetrical  with  respect  to  beam  i)  or  all  eight 
together.  They  were  operated  at  99.8  volts,  as  it  was  not  feasible  to  use  a  higher 
voltage  with  all  eight  lamps. 

y      2.  ENERGY  MEASUREMENTS. 

The  fundamental  standard  of  radiant  energy  used  for  many  years 
in  the  colorimetry  section  of  the  bureau  has  been  a  500-watt  gas- 
filled  incandescent  lamp  (B.  S.  No.  1717)  operated  at  118.0  volts. 
Its  luminous  efficiency  for  this  voltage,  determined  in  191 7  by  the 
photometry  section  of  the  bureau,  was  15.6  lumens  per  watt. 
This  was  redetermined  in  1921  and  found  to  be  15.75  lumens  per 
watt.  The  relative  spectral  distribution  of  energy  for  the  visible 
region  was  measured  radiometrically  by  W.  W.  Coblentz,  of  the 
biu-eau,  in  191 7.  It  is  shown  in  Figure  3.  The  color  temperature 
of  the  lamp,  computed  by  the  luminosity-center-of-gravity 
method,  was  found  to  be  2,848°  K.  Details  of  this  method  and 
other  information  relative  to  the  measurements  upon  the  standard 
lamps  have  been  published  in  a  paper  by  Priest  (20) . 

Fotu  other  gas-filled  Mazda  C  incandescent  lamps  (B.  S.  Nos. 
3254,  3255,  3256,  and  3257)  have  been  selected  (1921)  to  serve  as 
secondary  standards  in  order  that  lamp  171 7  might  be  subjected 
to  less  use.  The  voltages  at  which  these  lamps  color  matched 
lamp  1 7 1 7  was  determined  by  four  different  observers.  The  aver- 
age voltage  so  determined  for  three  of  the  foiur  lamps  was  loi.o 
volts  (lamp  3254,  loi.i  volts).  Lamps  3256  and  3257  at  loi.o 
volts  were  then  each  meastired  against  lamp  1717  at  118.0  volts 
on  the  Lummer-Brodhun  spectrophotometer.  The  ratios  of  the 
energies  of  these  two  lamps  to  that  of  lamp  1717  imder  these  con- 
ditions was  found  to  be  constant  within  ±  i .i  per  cent  from  500  to 
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660  m/i,  inclusive,  and  within  ±1.9  per  cent  from  429  to  740  mju, 
inclusive.  (These  slight  deviations  seem  from  the  data  to  be 
entirely  observational  and  give  no  indications  of  any  consistent 
change  in  ratio  from  one  end  of  the  spectrum  to  the  other.) 

Lamp  3257  was  then  sent  to  the  Nela  Research  Laboratory  with 
a  request  for  the  color  temperature  at  loi.o  volts.  The  value 
found  there  for  this  voltage  was  2,848°  K,  the  same  value  as  that 
computed  for  lamp  1717  at  118. o  volts,  with  which  it  had  been 
color  matched  as  already  noted. 

In  view  of  the  above  evidence  lamp  3256  at  loi.o  volts  was  taken 
as  the  standard  of  radiant  energy  for  the  visibility  investigation,  and 
Coblentz's  original  values  for  lamp  i7i7at  118.0  volts  have  been 
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Fig.  3. — Transmission,  dispersion,  and  energy  characteristics  of  apparatus. 

taken  as  the  values  for  lamp  3256  at  loi.o  volts  and  used  in  all 
computations  based  thereupon. 

The  radiant  energy  from  the  interior  of  the  light  box  L  was 
measured  in  terms  of  that  of  lamp  3256  at  frequent  intervals. 
The  energy  curve  with  eight  lamps  (put  in  December  7,  1921)  is 
shown  in  Figtue  3.  It  would  have  a  color  temperature  of  nearly 
3,000°  K.  The  energy  ctirves  for  the  several  pairs  of  lamps 
differed  slightly,  as  a  rule,  from  this  average  eight-lamp  curve, 
and  these  differences  were  taken  into  accoimt  in  the  computations. 

Since  the  essential  thing  to  know  is  the  relative  energy  distribu- 
tion at  the  octdar  slit  of  the  Brace  spectrophotometer,  the  values 
of  the  relative  energy  of  the  light  from  the  interior  of  the  box 
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must  be  miiltiplied  at  each  wave  length  by  d\/ds  and  by  the  spec- 
tral transmission  of  the  Brace  instrmnent.  The  resulting  energy 
distribution  is  shown  in  Figure  3.  Its  color  temperature  would 
be  very  close  to  2,077°  K.,  that  of  the  carbon  lamps  adopted  as 
the  standards  of  luminous  intensity. 

The  color  matclimg  of  the  four  secondary  standard  lamps  with  lamp  171 7  was  done 
as  follows:  By  means  of  a  Martens  photometer  a  comparison  lamp  was  color  matched 
with  lamp  1717  at  118. o  volts,  the  voltage  on  the  comparison  lamp  being  varied  to 
match  the  color,  while  brightness  match  was  maintained  at  all  times.  Four  observers 
each  made  several  trials.  Then  lamp  3256  (or  one  of  the  others)  was  substituted  for 
lamp  1717,  and  with  the  comparison  voltage  set  to  the  average  of  the  previous  readings 
for  a  given  observer  that  observer  then  matched  the  two  lamps  in  color  as  before,  this 
time  varying  the  voltage  upon  the  standard  lamp. 

The  spectrophotometric  comparison  of  lamp  3256  (and  3257)  with  lamp  1717  was  by 
the  usual  substitution  method.  Lamp  3256  was  placed  approximately  as  shown  in 
Figure  i.  A  block  of  magnesitun  carbonate  replaced  the  silver-glass  mirror  M'  and 
the  groimd  glass  before  S^  was  removed.  This  lamp  and  the  auxiliary  light  box  L' 
were  operated  in  parallel  on  a  storage  battery  with  a  voltmeter  and  rheostat  control. 
The  procedure  was  to  take  readings  of  R''  for  a  photometric  match  at  540  m/i,  then  at 
two  other  wave  lengths,  and  then  at  540  again.  Voltages  were  never  adjusted  except 
between  any  two  consecutive  540  readings.  Similar  readings  of  R^  were  then  taken 
with  lamp  1717  replacing  lamp  3256,  and  finally  with  lamp  3257.  When  at  any  wave 
length  the  sector  readings  for  lamp  3256  (and  3257),  corrected  slightly  if  need  be  for 
slight  changes  in  the  540  readings,  were  divided  by  those  for  lamp  17 17,  the  resulting 
ratios  were  constant  within  the  limits  already  mentioned.  Slits  of  0.20  mm 
{S^=S^^=S^^^)  were  used  from  460  to  700  ta/x,  inclusive,  increasing  to  0.40  mm  at 
420  and  740  inn.  Stray  light  was  eliminated  by  the  use  of  colored  glasses  before 
S'^'  at  wave  lengths  420-460  and  700-740  nifi,  inclusive,  the  transmission  curves  of 
which  are  shown  in  Figure  5;. 

The  energy  from  the  interior  of  the  light  box  L  was  measured  in  terms  of  that  of 
lamp  3256  in  exactly  the  same  way  as  that  was  compared  to  lamp  1717,  except  that  the 
apparatus  was  as  represented  in  Figure  i.  Light  from  the  interior  of  the  box  along 
beam  3  was  reflected  by  the  silver-glass  mirror  M'  onto  the  ground  glass  before  S^, 
lamp  3256  being,  of  course,  out  of  the  way.  After  a  set  of  readings  was  made  throughout 
the  spectrum,  lamp  3256  was  inserted  as  shown,  a  rotating  sector  of  fixed  apertm-e 
used  to  reduce  the  brightness  properly,  beam  3  cut  off,  and  with  no  other  change  of 
conditions,  readings  of  R^  were  taken  as  before.  From  these  the  energy  of  the  light 
from  the  interior  of  the  box  was  computed  relative  to  that  of  lamp  3256,  the  resulting 
energy  values  being  as  illustrated  in  Figure  3. 

3.  SPECTRAL  TRANSMISSION  OF  THE  BRACE   SPECTROPHOTOMETER. 

Inasmuch  as  the  other  factors  entering  into  the  determination 
of  visibility  are  relative,  no  attempt  was  made  to  measure  the 
absolute  transmission  of  the  Brace  spectrophotometer.  Its  rela- 
tive transmission  as  a  unit  was  measured  under  conditions  approxi- 
mating very  closely  those  actually  experienced  in  the  luminosity 
measurements.  The  values  so  obtained  are  plotted  in  Figure  3. 
These  values  are  the  average  of  from  one  to  four  determinations 
always  made   relative  to  the  transmission  at  546.1  mju,  which 
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value  is  arbitrarily  taken  as  unity.  The  curve  so  obtained  is 
what  one  would  expect  from  the  color  of  the  prism,  which  is 
slightly  yellowish. 

The  relative  spectral  transmission  along  the  path  53  S-^  (fig.  1)  was  determined 
with  the  Lummer-Brodhun  spectrophotometer  with  both  heterogeneous  and  homo- 
geneous light.  Several  arrangements  of  apparatus  were  tried,  the  one  finally  adopted 
being  shown  in  Figure  4.  The  light  source  L,  a  300- watt  gas-filled  lamp,  and  the 
magnesium  carbonate  block  B  were  fixed  to  the  telescope  T  of  the  Brace  instrument, 
so  that  there  was  no  relative  motion  of  T,  L,  and  B  when  the  telescope  was  rotated 
to  change  the  wave  length  of  light  used.  Slit  S^  was  0.3  mm  in  width.  Slit  Si 
was  removed  and  the  spectrum  was  formed  in  the  plane  of  slit  S' ,  which  was  also 
0.3  mm.     (Slit  Si  was  0.2  mim  for  most  of  the  luminosity  measurements.     See  fig. 


u 


Slit--S|.  removed 


Brace 
\\.  Spectrophotometer 


Seole         , 
-1 — I I — I 


Fig.  4. — Outline  of  apparattis  used  for  the  spectral-transmission  measurement  of  the 
Brace  spectrophotometer. 

22 . )  The  ocular  slit  5'"''  was  kept  at  o.  5  mm,  a  width  which  would  more  than  include 
the  image  of  S3.  This  image  is  formed  by  light  whose  homogeneity  is  controlled 
mainly  by  the  width  of  S',  but  its  width  depends  upon  that  of  S3.  Great  care  was 
taken  that  this  image  was  kept  in  the  center  of  the  ocular  slit,  its  position  being 
observed  by  using  the  eyepiece  before  S^'^.  A  small  shift  of  this  image  to  one  side 
or  the  other  of  the  ocular  slit  was  found  to  produce  an  appreciable  error.  The  position 
of  the  image  could  be  controlled  by  a  minute  lateral  shifting  of  S^,  which  was  accom- 
plished by  a  small  rotation  of  one  leveling  screw.  Illumination  for  slit  S^^  was  pro- 
vided by  the  light  box  U,  and  the  brightness  was  varied  by  the  rotating  sector  R^ 
for  the  photometric  balance.  The  width  of  5'' was  0.3  mm.  L"*  and  L  were  connected 
in  parallel  to  a  storage  battery  and  the  voltage  kept  constant  by  voltmeter  and  rheostat 
control. 
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With  each  spectrophotometer  set  at  546.1  him,  the  instruments  were  adjusted  tmtil 
the  spectral  image  of  S^  subtended  by  S'  was  sharply  focused  and  centered  in  the  ocular 
slit  S'".  After  removing  the  eyepiece  10  readings  of  R'  were  taken  and  the  spectro- 
photometers then  set  for  a  different  wave  length.  If  necessary,  the  slight  leveling 
adjustment  was  made,  and  then  10  readings  taken  at  this  wave  length.  Similar  read- 
ings were  taken  at  one  or  two  more  wave  lengths  and  then  another  set  at  546.  i  mjti.  In 
this  manner  readings  were  made  throughout  the  region  desired,  a  check  reading  at 
546.1  m^t  being  taken  after  every  two  or  three  determinations  at  other  wave  lengths. 
With  proper  care  the  readings  at  546.1  m^i  were  foimd  \a  be  constant  within  the  usual 
photometric  precision. 

The  Brace  spectrophotometer  was  then  removed  and  a  set  of  readings  taken  at 
the  same  wave  lengths  with  the  carbonate  block  and  lamp  similarly  placed  before  S^. 
At  each  wave  lengtli  the  average  sector  reading  with  the  Brace  spectrophotometer 
before  S'  was  divided  by  the  average  reading  with  it  removed.  The  average  value 
of  this  ratio  at  546.1  m/i  was  arbitrarily  taken  as  unity,  and  the  ratios  at  the  other  wave 
lengths  were  then  reduced  to  this  arbitrary  scale  by  dividing  by  the  average  ratio  at 
546.1  rail.  The  resulting  values  give  the  spectral  transmission  relative  to  that  at  546.1 
mjx.  No  correction  for  the  dispersion  of  the  instruments  had  to  be  made  because  of  the 
constant  ratio  fotmd  to  exist  at  all  wave  lengths  between  the  values  of  dXjds  for  the 
two  instruments  (Sec.  II,  i). 

It  was  at  first  attempted  to  make  the  transmission  measurements  under  the  actual 
conditions  obtaining  in  the  visibility  investigation;  that  is,  with  the  Brace  prism  in 
the  same  position  and  with  the  13-mm  diaphragm  over  the  lens  of  T.  Under  these 
circumstances,  however,  only  half  the  Lummer-Brodhun  field  could  be  filled  (the 
silver  strip  of  the  Brace  prism  blocking  off  the  lower  half),  and  the  precision  was 
rather  poor.     Several  sets  of  measurements  were  made,  however. 

In  later  trials  the  Brace  prism  was  raised  so  as  to  take  the  obstructing  silver  strip 
out  of  the  field  and  the  diaphragm  was  removed  from  T.  In  this  way  practically  the 
whole  of  the  Lummer-Brodhtm  field  was  filled  and  the  contrast  method  of  matching 
used.  This  resulted  in  much  better  agreements  among  repeated  measurements  of 
the  transmission  at  the  various  wave  lengths.  As  there  seemed  to  be  no  consistent 
difference  between  these  values  and  those  obtained  earlier,  these  latter  were  used 
entirely  to  obtain  the  curve  shown  in  Figure  3. 

By  substituting  a  Hanovia  220-volt  quartz-merciiry  arc  for  the  lamp  L,  it  was  found 
possible  to  obtain  check  readings  by  means  of  homogeneous  light  at  wave  lengths 
435.85,  546.1,  and  578.0  ra/x.  Because  of  the  unsteadiness  of  the  mercury  arc  it  was 
necessary  to  alternate  sets  of  readings  at  the  wave  length  desired  and  at  546.  i  m/i.  The 
averages  of  five  or  six  of  such  sets  gave  a  determination  of  the  transmission  relative  to 
that  at  546.1  m/i,  and  the  averages  of  several  determinations  are  plotted  in  Figure  3. 

4.  FIELD  BRIGHTNESS. 

The  average  relative  field  brightnesses  as  viewed  by  the  observer 
under  the  various  experimental  conditions  are  shown  in  Figure 
22  in  connection  with  the  discussion  of  precision  given  in  Section 
V,  2.  The  actual  relative  brightness  would,  of  course,  vary 
according  to  each  individual's  luminosity,  and  the  results  shown 
are  those  taken  from  the  final  average  luminosity  ctirve  for  all 
the  observers,  the  breaks  in  the  ciurve  occurring  when  either  the 
number  of  lamps,  the  ocular  sHt  width,  or  the  rotating  sector 
before  S^  (fig.  i)  was  changed. 
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Actual  average  brightnesses  may  be  computed  from  this  relative 
brightness  curve  and  the  measured  value  of  brightness  obtained 
at  the  wave  length  of  maximum  luminosity.  This  numerical 
value  of  brightness  at  approximately  580  tn/j,  is  given  in  Figure  22, 
expressed  in  the  various  units  which  will  enable  ready  comparison 
with  the  brightnesses  used  in  other  investigations. 

To  measure  the  brightness  of  the  field,  a  calibrated  screen  was  obtained  from  the 
photometry  section.  This  screen  was  of  milk  glass  and  was  used  with  a  standard 
carbon  lamp  (B.  S.  3350,  at  106  volts,  34.7  candles).  The  transmitted  brightness  for 
I  candle-cm  was  240  millilamberts,  giving  a  transmitted  brightness  of  0.0066  candles 
/cm2  at  a  distance  of  20  cm  between  lamp  and  screen.  This  brightness  was  reflected 
into  the  telescope  lens  by  a  right-angled  prism,  filling  part  of  the  field  usually  filled 
by  light  from  ^j.  The  brightness  of  the  light  from  ^j  and  the  known  brightness  of  the 
calibrated  screen  could  then,  in  turn,  be  matched  with  the  light  from  S2  by  means  of 
the  variable  sector  and  the  brightness  of  the  light  from  5i  found  in  terms  of  the  known 
brightness  of  the  screen.  This  known  brightness  was  corrected  for  the  reflections 
at  the  surfaces  of  the  right-angled  prism  and  telescope  lens  (transmission  of  prism  and 
lens  assumed  equal  to  0.828=0. 91^).  The  quality  of  color  of  the  carbon  lamp  was 
not  greatly  different  from  the  yellow  at  580  m/^,  and  the  brightness  determination  was 
therefore  made  at  this  wave  length.  Measurements  were  made  by  two  observers,  the 
agreement  being  good,  and  the  average  value  thus  obtained  was  0.017  candles  /cm.* 

5.  STRAY  LIGHT. 

All  spectrophotometers  have  a  certain  amount  of  stray  light 
present  at  any  region  of  the  spectrum,  as  may  be  noted  if  the  light 
passing  through  the  ocular  slit  is  examined  with  a  small  hand 
spectroscope.  Throughout  the  brighter  part,  however — ^viz,  from 
about  510  to  about  660  m/i  for  a  prism  instrument  and  the  usual 
incandescent  soiurces — the  relative  value  of  this  stray  light  is  too 
small  to  introduce  appreciable  error;  but  beyond  these  limits  the 
amount  present  increases  more  and  more  rapidly  and  becomes 
100  per  cent  when  the  ultra-violet  and  infra-red  regions  are  reached. 
Since  the  percentage  of  stray  hght  varies  with  the  distribution  of 
energy  in  the  source  used  and  may  be  influenced  by  other  factors, 
it  was  studied  as  far  as  possible  under  the  actual  conditions  obtain- 
ing in  the  luminosity  meastu-ements. 

It  is  understood,  of  coiu'se,  that  the  correction  for  stray  light  can 
be  made  only  approximately,  since  it  would  vary  somewhat  with 
each  individual  depending  upon  his  visibiHty.  For  this  reason 
it  is  advisable  to  eliminate  stray  Hght  when  possible  rather  than 
to  measiure  it  and  make  the  corrections.  Certain  precautions 
taken  have  already  been  mentioned,  viz,  the  diaphragms  and  the 
special  attention  to  the  optical  surfaces.  In  addition,  certain 
glasses  were  available  which  absorb  the  stray  light  in  the  red  very 
e£&ciently.     Therefore,  but  few  measmrements  were  made  in  the 
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red,  and  these  largely  for  the  purpose  of  determining  where  the 
stray  light  began  to  be  appreciable.  In  the  blue  such  efl&cient 
filters  are  not  available  as  for  the  red.  The  stray  light  was  there- 
fore meastured  more  carefully  than  in  the  red  and  correction  made 
over  that  part  of  the  range  where  a  blue  filter  was  not  used. 

In  Figure  5  are  shoAvn  the  stray-light  ctirves  obtained  in  the 
red  and  blue  and  the  transmission  cxu-ves  of  the  glasses  used  to 
eliminate  this  stray  light,  together  with  the  range  of  wave  lengths 
over  which  they  were  used.  Methods  of  making  corrections 
arising  because  of  the  stray  light  or  the  varying  transmission  of 
the  filters  are  noted  in  Section  III,  2. 
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Fig.  5. — Stray  light  and  filters  used  for  its  elimination. 

Stray  light  is  the  fraction  of  the  total  brightness  resulting  from  the  stray  light  present.    Filters  used  as 
follows: 
Jena  3654 — 430-45°  m/i.  inclusive. 
Jena  4512 — 660-700  ium,  inclusive. 
Above  two  combined — 720-740  iom,  inclusive. 

The  brightness  i5  of  a  spectrophotometric  field  is  the  sum  of  the  brightnesses  of  the 
spectral  light  B\  and  the  stray  light  B^.  When  the  two  halves  of  the  field  of  the 
Brace  spectrophotometer  (fig.  i)  are  matched  for  brightness,  the  following  equation 
may  be  written: 

Bx+B,HB\+B\)K^M  (i) 

where  the  primes  have  reference  to  the  light  in  part  2  of  the  field — ^viz,  that  passing 
through  the  variable  sector  and  through  S2 — M  is  the  sector  reading  and  K\  is  a  con- 
stant at  any  given  wave  length.  If  a  specimen  of  glass  is  placed  before  S^  and  a  new 
match  is  obtained  at  this  wave  length  with  the  sector  reading  N,  the  following  equation 
is  true: 

B^Tx+B,T,=iB\+B\)KxN  (2) 

where  T  refers  to  the  transmission  of  the  glass. 
Equation  (2)  divided  by  equation  (i)  gives: 

BxT\+BJ\_N 
Bx+B,     ~M 


(3) 
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V 
The  quantity  BJ(B\+B^)  is  the  fraction  of  the  total  brightness  resulting  from  the 

stray  light  present. 

When  T\  equals  zero, 

«■  "  (4) 


when  T5  equals  zero, 


and 


Bx+B,    T,M 


Bx A^_^ B^ 


Bx+B~T-kM-^    Bx+5. 
B-K+Sr      T\M 


(5) 


Therefore,  if  at  any  wave  length  either  T^  or  T\  is  known  for  any  glass,  the  other  being 
zero,  the  quantity  BJ(B\-{-BJ  may  be  obtained  by  taking  readings  of  the  sector  for  a 
match  first  when  the  filter  is  before  the  slit  S^  and  then  when  it  is  removed.  From 
the  nature  of  the  transmission  of  the  glasses  which  seemed  most  suitable  the  method 
of  equation  (4)  was  used  in  the  blue  and  that  of  equation  (5)  in  the  red. 

As  already  noted,  glasses  were  available  which  absorb  practically  all  the  stray 
light  in  the  red  while  transmitting  the  spectral  light  very  highly.  Therefore,  but 
few  values  were  obtained  in  the  red  and  these  largely  for  the  ptu^ose  of  finding  out 
at  what  wave  length  the  stray  light  became  sufficient  to  necessitate  elimination.  A 
glass  of  the  type  of  curve  i,  Figure  5,  was  used,  T\  being  obtained  simultaneously 
with  the  other  readings  by  means  of  a  similar  glass  placed  over  the  ocular  slit.  Re- 
sults are  shown  by  curve  4,  Figure  5.  It  was  decided  from  this  study  that  the  stray 
light  present  was  inappreciable  at  wave  lengths  less  than  660  m/t. 

The  method  of  equation  (4),  used  in  the  blue,  necessitates  the  use  of  glasses  having 
high  total  light  transmission  and  having  a  sharp  transition  between  high  transmission 
and  high  absorption.  Orange  and  yellow  glasses  of  the  Noviol  type  (19)  were  used. 
Their  total  transmissions  for  light  of  the  energy  distribution  used  in  the  luminosity 
measurements  were  measured  directly  by  two  observers  by  means  of  a  Martens  photom- 
eter. The  assumption  was  made  that  this  total  light  transmission  was  the  same  for 
the  stray  light  as  for  the  original  light.  This  seemed  justifiable,  since  the  quality  of 
color  of  the  stray  light  transmitted  by  the  filter  was  always  that  of  the  filter  as  viewed 
by  the  original  light.  At  those  wave  lengths  closely  adjacent  to  that  at  which  the 
spectral  transmission  becomes  inappreciable  (known  by  previous  measurements  by 
the  photographic  or  photo-electric  method,  and  verified  here)  readings  of  the  sector 
were  made  for  a  match  of  the  two  halves  of  the  field  when  the  glass  was  before  5i  and 
when  removed.  This,  of  course,  necessitated  matching  spectral  (bluish)  light  against 
stray  (yellowish)  light  when  the  glass  was  before  S^.  This  was  not  very  diificult  at 
the  low  brightnesses  resulting.  Measurements  were  made  by  two  observers  (one 
having  practically  normal  visibility,  the  other  low  in  the  blue)  and  the  average  taken. 
Great  care  was  taken  that  the  measurements  should  be  made  with  the  eye  fixed 
steadily  on  the  dividing  line  of  the  field.  If  it  were  allowed  to  wander  to  the  side, 
the  blue  immediately  became  relatively  much  brighter  (the  Purkinje  effect). 

With  these  data  and  equation  (4)  values  of  the  fraction  of  the  total  brightness 
resulting  from  the  stray  light  were  computed  for  those  wave  lengths  from  5  to  25  m/i 
less  than  that  at  which  the  spectral  transmission  becomes  inappreciable,  the  most 
weight  being  given  to  the  values  nearest  this  wave  length.  Results  are  shown  by 
curve  5,  Figure  5. 

6.  DETERMINATION  OF  THE  STEP. 

The  step-by-step  method  necessitates  accurate  information  as 
to  what  shift  in  the  wave  length  of  the  light  entering  the  ocular 
slit  is  caused  by  a  shift  of  slit  5i  (fig.  i)  through  a  definite  distance 
50261°— 23 3 
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s.  That  is  to  say,  for  every  position  of  the  telescope  one  must 
know  the  dkfds  of  5i  expressed  in  millimicrons  per  screw  tmti.  (As 
noted  in  Section  II,  i,  5i  was  made  of  constant  width,  0.20  mm, 
and  could  be  moved  at  right  angles  to  its  length  in  the  focal 
plane  of  the  collimator  lens,  this  being  accomplished  by  a  screw 
of  }^-rnioa.  pitch  with  a  drum  divided  into  100  parts.)  The  most 
rigorous  way  of  getting  this  relation  seemed  to  be  the  following: 
The  telescope  was  set  for  some  wave  length  X'.  A  suitable  source 
of  homogeneous  light  was  placed  in  front  of  slit  ^i  and  the  screw 
then  turned  to  bring  three  lines  of  wave  lengths  \,  X2,  and  \ 
(differing  but  a  few  millimicrons  from  each  other)  in  turn  into  the 
ocular  slit  of  the  telescope.  The  reading  of  ^i  was  taken  for  each 
line.  These  are,  therefore,  three  points  on  a  curve  between  wave 
length  and  screw  reading  of  5'i  for  one  particular  position  of  the 
telescope,  wave  length  X'.  In  effect  the  spectrophotometer  was 
reversed  using  collimator  for  telescope.  The  slope  of  this  slit 
calibration  curve  was  desired  at  X'.  It  was  readily  obtained  by 
using  the  modified  Hartmann  formula  (17) 


=  ^0  + 


X-Xo 


the  three  values  of  X  and  ^^  determining  the  constants.  By  differ- 
entiation the  value  of  dkjds  was  found  for  X  =X',  which  is  the  only 
position  of  the  telescope  at  which  this  particular  equation  is  valid. 
Values  of  dXjds  for  5i  were  thus  obtained  for  five  values  of  X, 
namely,  460,  490,  520,  580,  and  650 m/i.  As  dKjds  for  the  telescope 
at  these  five  wave  lengths  was  already  acctu-ately  known  (Sec. 
II,  I,  and  figs.  3  and  6),  the  ratio  of  d\jds  for  slit  Si  to  dXjds  for 
the  telescope  was  then  computed.  These  ratios  are  plotted  against 
scale  reading  of  the  telescope  in  Figure  6.  It  was  then  an  easy 
matter  to  read  the  value  of  this  ratio  for  any  wave  length,  and 
with  the  known  value  of  dXjds  for  the  telescope  compute  d\lds  for 
slit  Si  at  any  position  of  the  telescope.  The  resulting  values  are 
plotted  in  Figure  6,  dKjds  of  slit  S^  in  millimicrons  per  turn  of 
screw  against  X  of  the  telescope. 

The  size  of  the  step  finally  chosen  was  one-half  turn  (of  the 
screw  controlling  the  position  of  SJ  from  740  to  510  m/i,  inclusive, 
and  a  whole  turn  from  510  to  430  m/i.  In  computing  the  wave 
lengths  of  the  successive  steps  it  must  be  remembered  that  the 
values  of  dkjds  given  by  the  curve  of  Figure  6  for  S^  are  merely 
the  rates  at  which  X  is  varying  with  s  and  do  not  remain  constant 
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even  over  the  length  of  one  step.  Slightly  different  values  will 
therefore  be  obtained,  depending  upon  which  way  the  curve  is 
worked  through  the  spectrum.  To  illustrate  with  the  actual 
figttres  used:  Starting  at  510.000  m^i  a  total  of  70  steps  takes  one 
to  740.779,  but  upon  returning  by  70  steps  the  value  of  507.825  m/i 
is  reached;  that  is,  in  one  case  the  steps  have  all  been  a  trifle 
small,  in  the  other  a  trifle  large,  but  the  average  wave  lengths  for 
correspondiijg  steps  will  be  true  for  all  practical  purposes.  In 
addition  to  these  70  steps  there  are  31  in  the  blue  (510-430), 
making  about  100  steps  for  the  complete  range.  This,  of  coturse, 
applies  to  the  computations,  not  the  observations. 
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Fig.  6. — Dispersion  characteristics  used  in  computation  of  -wane  length  interval  of  step. 

An.  approximate  and  mudti  simpler  method  of  obtaining  the  values  for  the  ratio 
curve  of  Figure  6  is  available  by  the  use  of  pairs  of  closely  adjacent  lines  instead  of 
three  lines  as  in  the  exact  method  already  described.  If  As^  is  the  difference  in  tele- 
scope readings  for  these  lines  with  S^  normal  and  A^fgi  is  the  difference  in  the  positions 
of  5i  when  the  telescope  is  set  at  the  mean  reading  for  S^  normal,  then 


Ls 
A^si 


dXjdssi 
~  dXjds^ 


approximately.    Considerable  preliminary  work  showed  this  two-line  method  to  be 
less  reliable  than  the  three-line  method.     It  is  not  only  inexact  theoretically,  but 
the  determination  of  As^  is  relatively  coarse  for  two  lines  near  together. 
A  second  two-line  method  is  available  from  the  fact  that 

AX/  Ass,     dXldssi 


d\lds^       dXfds^ 
approximately. 

For  wave  length  about  700  m/t,  where  three  suitable  lines  were  not  available,  a  pair 
of  lines  was  used  with  results  by  the  two  approximate  methods  as  shown.  The 
curve  as  drawn  is  similar  to  the  one  actually  used. 
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III.  LUMINOSITY  AND   VISIBILITY. 

1,  PROCEDURE. 

In  determining  the  size  of  step  to  use  one  must  compromise 
between  the  desire  to  eliminate  hue  difference  at  all  wave  lengths 
and  the  desire  to  minimize  the  effect  of  observational  errors  and 
the  number  of  computations.  The  eye  is  extremely  sensitive  to 
small  differences  of  wave  length  in  the  yellow  and  blue-green 
regions,  a  difference  of  the  order  of  magnitude  of  i  m/i  being  per- 
ceptible (21).  It  was  therefore  found  entirely  impracticable  to 
eliminate  all  hue  difference  in  the  yellow  and  orange.  On  the 
other  hand,  if  the  step  is  chosen  too  large,  the  resulting  hue  dif- 
ference makes  the  photometric  settings  erratic  and  unsafe. 

The  scheme  finally  adopted  was  to  make  the  step  from  one  side' 
of  the  normal  position  of  ^i  to  an  equal  mechanical  distance  on 
the  other  side  of  the  normal.  If  X  is  the  wave  length  at  which 
the  telescope  is  set  and  AX  is  the  total  step,  then  the  luminosities 
at  X  —  X  ^^  and  at  X  +  K  ^^  are  each  compared  with  the  light 
through  ^2  of  wave  length  X,  and  the  resulting  readings  will  give 
a  ratio  of  the  luminosity  at  X  — ^AX  to  that  at  X  +  X  ^^-  (I'lie 
two  half  steps,  being  equal  mechanically,  are  not  quite  equal  in 
terms  of  wave  length  because  of  the  varying  dispersion;  but  the 
ratio  of  luminosities  in  the  two  cases  is  that  for  the  exact  interval 
AX.)  There  is  thus  for  a  given  size  step  but  half  the  hue  differ- 
ence present  in  the  field  that  there  would  be  if  the  luminosity  at 
X  were  compared  directly  to  that  at  X  ±  AX.  As  mentioned  in  the 
last  section,  the  size  of  step  AX  finally  decided  upon  was  one-half 
turn  of  the  screw  (one-fourth  turn  each  side  of  the  normal)  from 
510  to  740  m/x  and  one  turn  (one-half  tiun  each  side)  from  510 
to  430  m/i.  One  turn  equals  0.25  mm.  In  terms  of  wave  lengths 
this  amounts  to  approximately  4.9  m/x  at  710,  3.4  m^u  at  610,  and 
1.9  m/x  at  510  m/x  for  the  one-half  tiu-n,  and  approximately  3.8 
m/i  at  510  and  2.0  mix  at  430  m^t  for  the  whole  turn.     (See  fig.  6.) 

The  hue  difference  in  the  yellow  and  orange  under  these  condi- 
tions was  perceptible  to  most  observers  and  often  caused  trouble 
with  the  settings.  In  the  blue-green  with  the  whole-turn  step 
there  were  traces  of  hue  difference  to  most  observers. 

The  conditions  and  procedure  for  taking  the  observations  were,  in 
general,  as  follows:  The  complete  range  from  430  to  740  m/x 
was  divided  into  two  parts,  one  part  comprising  the  wave 
lengths  from  510  to  660  mju,  which  will  be  called  the  main  region, 
the  other  parts  from  5 10  to  430  and  660  to  740  mn,  the  end  regions. 
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It  was  never  attempted  to  take  a  complete  run  in  a  half  day,  but 
either  the  main  or  the  end  regions  could  be  easily  finished  in  a  half 
day  (one  to  two  and  one-half  hours)  without  imdue  haste  or  fatigue. 
Two  or  more  complete  nms  were  finally  made  on  each  observer, 
with  three  exceptions.  In  one  of  the  nms  through  the  main 
region  readings  were  taken  from  the  red  toward  the  blue,  in  the 
other  run  from  the  blue  toward  the  red.  In  the  end  regions  read- 
ings were  taken  from  the  brighter  toward  the  dimmer  regions,  in 
one  set  the  red  end  first,  in  the  other  the  blue  end.  From  660  to 
510  m/i  readings  were  taken  at  every  15  m/i,  from  660  to  740  mju 
at  every  20  m/x,  from  510  to  430  m/t  at  every  10  m/t.  (This  pro- 
cedure was  varied  in  the  case  of  two  observers  who  took  readings  at 
every  10  m/x  throughout  the  spectrum.) 

The  observations  were  taken  in  groups  as  follows:  Between  660 
and  510  m/i  in  three  groups:  660,  645,  630,  and  615  m/x;  600,  585, 
and  570  m^;  555,  540,  525,  and  510  m/x.  From  660  to  740  m/x 
in  two  groups:  660,  680,  and  700  ran;  720  and  740  tnix.  From  510 
to  430  m/x  in  three  groups:  510,  500,  and  490  m/x;  480,  470,  and 
460  m/x;  450,  440,  and  430  m/x. 

For  anyone  group,  for  example,  600-5  70  m/x,  ^i  was  displaced  from 
its  normal  position  by  half  the  total  step,  as  already  explained,  and 
four  readings  of  R  taken  at  each  of  the  three  wave  lengths ;  then 
^i  was  shifted  the  whole  step  to  the  other  side  of  its  normal  posi- 
tion and  eight  readings  of  R  taken  at  each  wave  length,  four 
readings  at  each  wave  length  in  the  reverse  order  and  foiur  in  the 
original  order;  then  S^  was  shifted  back  to  its  first  position  and 
fotu  more  readings  of  R  taken  at  each  wave  length  in  the  reverse 
order.  Thus  any  possible  change  of  conditions  in  apparatus  or 
observer  would  tend  to  average  out,  if  it  were  not  detected,  and 
these  wave  lengths  would  be  completed  before  another  set  was 
begun.  The  various  experimental  conditions  under  which  these 
observations  were  made — brightness,  slit  width,  filter,  etc. — ^will 
be  found  in  Figures  5,  7,  and  22. 

2.  COMPUTATIONS. 

At  each  position  of  the  telescope  the  average  reading  of  R  to 

match  with  5^  at  X  —  }4^^  was  divided  by  the  reading  at  X  +  }4A\ 

this  result  thus  giving  the  ratio  of  the  luminosity  at  X  —  ^AX  to 

that  at  \  +  K AX.    When  a  filter  was  used  over  the  ocular  slit  to 

eliminate  stray  light,  this  ratio  was  divided  by  the  ratio  of  the 

T 
transmissions  at  these  wave  lengths — that  is,  by  ^  ^~^^^  •    When 
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a  filter  was  not  used  and  stray  light  was  present,  this  ratio  was 
multiplied  by  the  ratio  of  the  percentages  of  spectral  brightness 
to  total  brightness  at  these  wave  lengths. 

The  resulting  true  values  of  the  ratio  of  luminosities  at  X  —  KAX 

and  X  +  KAX— that  is,     (^-^^^)_^ere  then  plotted  at  X  +  KAX,  X 

being  the  position  of  the  telescope  at  the  various  wave  lengths 
at  which  measurements  of  the  ratio  were  made,  and  }4A\  being 
known  at  all  wave  lengths  for  the  size  of  step  used.  Values  read 
from  the  curve  drawn  through  these  points  now  gave  at  any  wave 
length  X  the  ratio  of  the  luminosity  at  X  —AX  to  that  at  X. 

Values  of  the  ratio  were  then  read  off  at  the  successive  wave 
lengths  corresponding  to  the  size  of  step.  Assuming  an  arbitrary 
value  at  some  one  wave  length,  659.3  ^^1^  i^  this  investigation,  rela- 
tive values  of  the  luminosity  L  were  computed  by  multiplying  this 
arbitrary  value  by  the  ratio  at  659.3,  the  result  being  L  for  655.0; 
this  value  was  then  multipHed  by  the  ratio  at  655.0,  giving  L  at 
650.85 ;  and  so  on  to  430  m/x.  Dividing  the  value  of  L  at  659.3  by 
the  ratio  at  663.65  gave  the  value  of  L  at  663.65,  and  so  on  to 
740  tnfjL.  Machine  computation  was  used,  enough  significant  figtu"es 
being  carried  as  to  make  rejection  errors  entirely  negligible. 

The  resulting  luminosity  curve  was  then  changed  slightly  if 
necessary  (because  of  small  differences  in  the  energy  distribution 
of  the  various  pairs  of  lamps  or  because  of  small  changes  with 
age)  to  reduce  it  to  that  corresponding  to  the  energy  distribution 
at  which  the  luminosity  curves  were  averaged.  The  area  was 
then  measured  with  a  planimeter  and  the  factor  found  to  reduce 
the  values  to  an  arbitrary  equal-area  basis,  the  same  area  for  all 
curves. 

The  luminosity  as  thus  finally  obtained  was  divided  by  the 
energy  at  the  ocular  slit  (curve  7,  fig.  3)  to  obtain  the  visibihty, 
which  could  then  be  reduced  to  unit  maximum. 

The  above  procedure  of  computation  was  that  carried  through 
for  each  individual.  The  reduction  of  the  luminosity  curves  to  an 
equal-area  basis  (which  in  no  way  changes  the  individual's  relative 
visibility  values)  is  an  essential  prerequisite  to  the  averaging  of 
the  luminosity  or  visibility  of  any  two  or  more  observers,  following 
the  reasoning  and  procedure  of  Hyde,  et  al.,  which  assumes  that 
the  total  luminous  sensation  is  the  same  for  all  observers  for  a 
source  having  a  color  temperature  close  to  that  of  the  standard 
carbon  lamps,  2,077°  K. 


j-'^^i]  Visibility  of  Radiant  Energy  151 

The  final  average  visibility  curves  and  those  for  the  various 
groups  of  individuals  have  been,  therefore,  unless  otherwise  noted, 
obtained  by  this  method  of  averaging  the  individual  luminosity 
values  after  reduction  to  an  equal-area  basis. 

The  various  steps  in  the  process  of  computing  the  final  visi- 
bility curve  from  an  original  ratio  ctuve  are  illustrated  in  Figure  7. 
While  the  individual  luminosity  values  to  equal  area  were  averaged 
as  a  basis  for  the  final  visibility  curve,  it  was  also  of  interest  and 
value  to  average  the  individual  ratio  values  and  compute  a  final 
visibility  curve  from  this  average  ratio  curve.  The  graphical 
steps  in  this  process  are  those  actually  shown  in  Figure  7. 

Another  factor  entering  into  the  averaging  of  the  final  visi- 
bility curve  should  be  mentioned.  An  examination  of  the  original 
data  immediately  shows  that  some  observers  were  able  to  dupli- 
cate their  ratio  values  very  closely  on  different  days,  but  that  others 
could  not  do  this  so  well.  This  was,  in  fact,  the  criterion  as  to 
whether  or  not  a  given  observer  should  make  more  than  the  two 
sets  of  observations.  Often  a  third  complete  set  through  the 
main  region  was  taken,  while  it  was  the  rule  to  take  sufficient 
check  points  after  the  second  or  third  run  to  eliminate  any  large 
uncertainty  still  remaining  at  any  wave  length.  This  inability 
of  some  observers  to  repeat  the  measurements  with  the  desired 
precision  was  apparently  a  result  of  one  or  more  of  three  factors: 
(a)  General  inability  to  make  precise  photometric  settings, 
(6)  inability  to  make  precise  settings  in  the  yellow  and  orange 
because  of  the  small  hue  difference  existing  in  the  two  parts  of  the 
field  in  that  region,  and  (c)  actual  changes  in  visibility  on  different 
days. 

A  detailed  discussion  of  the  precision  is  given  later  in  Section  V,  2. 
It  is  sufficient  to  state  here  that  on  the  basis  of  ability  to  duplicate 
the  ratio  values  in  the  main  spectral  region  on  different  days,  the 
observers  were  arbitrarily  divided  into  two  groups  of  26  each, 
called  "good"  and  "poor,"  and  in  the  final  average  adopted  as 
expressing  the  results  of  this  investigation  the  values  obtained 
by  the  good  observers  have  been  given  double  weight. 

3.  RESULTS. 

The  average  visibilities  for  the  two  groups  of  good  and  poor 
observers  and  the  2/1  weighted  average  for  the  total  number  of 
observers  are  given  in  Table  i  and  Figure  8.  This  weighted 
average  is  that  used  in  all  graphs  unless  otherwise  noted.     The 


152 


Scientific  Papers  of  the  Bureau  of  Standards  iVoizg 


in  o 

CM  o 


in 


o 

ox 

f-H 

O 

z 

• 

UJ 

o 

-J 

i 

III 

0-4, 

§ 

»< 

s 

s 

!ii 

S! 

Qc 

•^   -a 


■S    w 


M 

b 

1 

o 

?s 

~, 

in 

•« 

a 
1 

in 

8 

i 

^ 

Ui 

SI 

^ 

a 

o 

g 

o 

'^ 

in 

1. 

1 

in 


AiisoNiiAjm  --AinigisiA 


Gibson  "l 
Tyndalli 


Visibility  of  Radiant  Energy 


153 


difference  in  values  between  the  two  groups  is  unimportant  in 
the  blue,  but  in  the  orange  region  centering  at  600  mju  there  is  a 
very  decided  difference.  The  weighted  average,  however,  is  but 
slightly  different  from  the  straight  average. 

Slit- width  corrections  were  made  by  means  of  Hyde's  (22)  equa- 
tion 

where 

4>(0)  =the  luminosity  in  the  pure  spectrum, 

F{d)  =  the  luminosity  in  the  impure  spectrum  (as  observed), 

A'F(e)  =F(d  +  c)  +F(e-c)  -2Fie),  c  being  half  the  sum  of  the 


450  $  500 


550 


450 


500 


550 


Good  Observers 
26  Obs.  490-S60m/i 
21  Obs.  on  ends 
Poop   Observers 
26  Obs.  490-680m/4 
17  Obs.  on  ends 
Weighted  Average 
Good/Poor  =  2/1 


600 


650  700 

WAVE    LENGTH    millimicron* 


Fig.  8. — Average  values  of  relative  visibility — present  investigation. 

CoUimater  and  telescope  slit-widths  expressed  in  d  units.  (Higher 
terms  in  the  series  were  not  used.) 

A,  i^  =  constants  depending  on  the  slit  widths,  A,  however, 
not  entering  into  the  correction. 

These  corrections  as  thus  computed  were  very  small,  except  in 
the  far  red  where  they  became  as  large  as  3  per  cent.  Throughout 
the  spectral  region  520  to  640  vajx  they  were  less  than  o.i  per  cent, 
and  less  than  0.5  per  cent  throughout  most  of  the  blue.  All 
the  curves  as  plotted  are  uncorrected  for  slit  widths.  Differences 
are  inappreciable  in  the  graphs,  except  on  the  third  magnifica- 
tion in  the  red.  Slit-width  corrections  have  been  applied  only 
to  the  final  average  data  as  given  in  Tables  i  and  3. 
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TABLE  1. — ^Average  Values  of  Relative  Visibility — Present  Investigation. 


Values  of  relative  visibUity  for— 

Final 
values  01 
relative 
visibility 
(weighted 
average 
with  slit- 
width  cor- 
rections). 

Wave  length  ia  millimicrons. 

Good  ob- 
servers (26 
obs.,  490- 
dSOnxij.;  21 

obs.,  on 
ends). 

Poor  ob- 
servers (26 
obs.,  490- 
680  m^i;  17 

obs.,  on 
ends). 

Total  num- 
ber of 
observers 
(weighted 
average, 
good     2  \ 
poor     1  / 

400 

1  0. 005 

1.012 

1.022 

.033 

.043 

.051 
.069 
.103 
.143 
.197 

.320 

.524 
.732 
.878 
.964 

.998 
.991 
.947 
.863 
.754 

.634 
.511 
.389 
.279 
.184 

.1127 
.0645 
.0351 
.0180 
.0093 

.0046 

.0023 

.00111 

.00053 

.00027 

1 . 00014 
1.00007 
1.00004 

0.005 

410 

.012 

420 

.022 

430 

0.033 
.042 

.050 
.069 
.103 
.143 

.197 

.319 
.522 
.730 
.873 
.961 

.998 
.991 
.949 
.869 
.765 

.646 
.522 
.397 
.284 
.187 

.1147 
.0656 
.0356 
.0182 
.0095 

.0048 

.0024 

.00114 

.00055 

.00028 

0.034 
.045 

.053 
.070 
.104 
.143 
.197 

.324 
.528 
.737 
.888 
.970 

.999 
.990 
.943 
.852 
.733 

.610 
.489 
.374 
.269 
.178 

.1089 
.0624 
.0343 
.0177 
.0087 

.0043 

.0021 

.00102 

.00050 

.00025 

.033 

440 

.043 

450 

.051 

460 

.069 

470 

.103 

480 

.143 

490 

.196 

500 

.318 

510 

.523 

520 

.732 

530 

.878 

540 

.964 

550 

.998 

560 

.991 

570 

.947 

580 

.863 

590 

.754 

600 

.634 

610 

.511 

620 

.389 

.279 

640 

.184 

650 

.1125 

660 

.0642 

670 

.0349 

.0178 

690 

.0092 

700 

.0045 

710 

.0022 

720 

. 00108 

.00051 

740 

.00026 

750 

.00014 

760 

.00007 

770 

.00004 

'  Extrapolated  from  average  ratio  curve. 
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In  Figure  9  are  shown  results  obtained  on  two  selected  groups 
of  observers — the  observers  over  40  years  of  age  and  the  women 
observers.  No  observer  was  common  to  both  groups.  Both 
groups  are  red  sensitive,  but  the  observers  over  40  do  not  average 
low  in  the  blue  as  might  be  expected  and  as  has  been  found  previ- 
ously. A  study  of  the  individual  data  shows  that  4  of  these 
observers  over  40  were  low  in  the  blue,  4  normal,  and  3  high. 
Only  I  of  the  7  women  examined  could  be  called  blue  sensitive.* 
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Fig.  9. — Average  values  of  relative  visibility  for  two  groups  of  observers. 

The  individual  visibility  values  for  the  52  observers  are  listed 
in  Table  2.  These  are  all  to  imit  maxima.  If  it  is  desired  to 
obtain  the  average  data  for  two  or  more  of  these  observers  on 
the  basis  of  equal  areas  of  luminosity  curves,  the  visibility  values 
should  first  be  multiplied  by  the  factor  given  in  the  table  for  each 
observer.  In  addition  to  the  visibility  values  the  wave  length 
centers  of  gravity  (Xc  =  2)VX/2V)  and  the  relative  areas  of  the 
curves  to  tmit  maxima  are  given  for  each  observer.  The  wave 
lengths  of  maximum  visibility  may  be  estimated  from  the  data. 

<  The  tenns  red  sensitive,  blue  sensitive,  etc.,  are  very  indefinite  and  unsatisfactory  and  depend  upon  the 
reference  point — in  this  case  unit  maximum  of  the  visibility  curves.  If  the  curves  had  been  plotted  to  a 
common  value  at  580  raii,  the  wave  length  of  maximum  luminosity,  or  on  the  basis  of  equal  areas  of  the 
luminosity  curves,  as  they  were  computed,  then  the  observers  over  40  would  have  been  subncnnal  in  the 
blue,  the  women  more  so,  and  neither  group  would  appear  so  highly  red  sensitive. 
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The  final  average  visibility  curve  has  the  same  general  shape  as  the  curves  by  all 
previous  investigations  and  detailed  comparisons  are  made  later  in  the  paper.  A 
peculiarity  which  might  be  noted  here  is  the  apparent  irregularity  in  the  blue .  This  is 
directly  traceable  to  the  high  ratio  values  uniformly  obtained  at  480  and  at  450  and 
440  mn  (fig.  7).  While  the  authors  are  willing  to  admit  that  the  usual  Purkinje  effect 
may  be  part  of  the  cause  for  the  high  values  from  450  down,  it  does  not  seem  to  be  the 
whole  cause  (note  the  lower  ratio  value  at  430  van) ',  while  at  480  m/i,  at  which  a  higher 
effective  brightness  was  used  than  at  460,  470,  or  490  m/i  and  one  about  equal  to  that 
at  500  and  525  rati  (see  fig.  22),  the  Purkinje  effect  would  seem  to  have  been  entirely 
absent.  The  magnitude  of  this  effect  at  480  m^t  is  clearly  outside  of  any  possible  error 
connected  with  stray  light,  size  of  step,  or  energy  distribution,  and  such  possible  causes 
were  very  carefully  studied.  The  effect  of  change  in  the  size  of  field  was  not  tested, 
but  measurements  made  at  lower  brightnesses,  in  some  cases  with  the  blue  filter,  re- 
sidted  in  the  same  shape  of  curve  with  no  certain  change  in  value. 

With  one  exception  this  is  the  first  time  that  the  step-by-step  method  has  been 
used  in  this  blue  region  (although  Hartmaa  used  the  spectral  pyrometer  equality-of- 
brightness  method  from  410  to  500  m/u  without  obtaining  any  such  peculiar  effect). 
This  one  exception  came  to  the  authors'  attention  at  the  close  of  the  present  investiga- 
tion. Exner  (9),  in  connection  with  a  study  of  the  primary  sensation  curves,  obtained 
the  luminosity  of  the  sun's  spectrum  (for  his  own  eye)  by  the  step-by-step  method 
with  a  grating  dispersing  system.  He  published  his  ratio  values,  and  the  reciprocals 
of  these  values  (his  step  was  taken  in  the  opposite  direction  from  the  authors')  are 
given  by  the  dotted  line  in  Figure  7.  The  point  of  immediate  interest  is  the  simi- 
larity in  the  shape  of  the  two  curves  in  the  blue  region — ^the  maximum  values  near 
480  and  445  m/t  and  the  minimum  values  near  505  and  465  m^t.  The  experimental 
conditions  were  so  entirely  different  in  the  two  cases  that  it  seems  impossible  to  ex- 
plain these  variations  otherwise  than  as  real  values  evoked  by  experimental  condi- 
tions as  yet  largely  unstudied.  The  irregularities  of  Exner's  data  in  the  red  were 
not  found  in  the  case  of  the  two  observers  in  the  present  investigation  who  took  the 
ratio  readings  at  every  10  m/x  throughout. 

A  word  might  be  said  regarding  the  general  shape  of  the  ratio  curve  (fig.  7).  If  the 
luminosity  curve  became  logarithmic  in  the  end  regions  and  a  step  were  used  constant 
in  wave  length,  then  the  ratio  ctirve  would  become  horizontal  in  both  the  red  and 
blue  ends.  Since  a  constant  mechanical  step  was  used  in  this  investigation  (except 
for  the  change  at  510  m/i),  then  the  varying  dispersion,  increasing  the  wave  length 
of  the  step  toward  the  red  and  decreasing  it  toward  the  blue,  would  prevent  the  ratio 
curve  from  becoming  horizontal  in  the  red,  but  would  cause  it  to  reach  a  minimxnn 
and  increase  again  in  the  blue.  This  is  what  happens  taking  the  curve  as  a  whole, 
the  irregularities  in  the  blue  being  superposed  upon  this  general  return  of  the  curve 
to  higher  values. 

Plotting  up  the  average  ratio  curve  has  enabled  a  much  more  acciu-ate  extrapola- 
tion to  be  made  than  would  otherwise  be  possible.  Such  an  extrapolation  has  been 
made  from  740  to  770  and  from  430  to  400  m/x  on  the  ratio  cm-ve.  After  the  visibility 
curve  had  been  computed  from  this  average  ratio  curve  from  400  to  770  m/i  it  was  com- 
pared with  the  correct  average  visibility  curve,  as  in  Figiue  7,  and  the  reduction 
factors  at  430  and  740  m/t  necessary  to  change  to  the  correct  values  at  these  wave 
lengths  were  used  to  correct  the  extrapolated  values  out  to  400  and  770  mfi.  These 
extrapolated  values  are  considered  very  good  in  the  red  but  more  questionable  in  the 
blue.  The  general  direction  of  the  extrapolation  was  verified  with  two  observers, 
each  of  whom  made  measurements  of  the  ratio  at  750  and  420  m^  and  one  at  410  m/i. 
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IV.  COMPARISONS   WITH   OTHER  INVESTIGATIONS. 

1.  FLICKER  DETERMINATION  OF  COBLENTZ  AND  EMERSON. 

Eighteen  observers  were  obtained  for  the  present  measurements 
who  had  taken  part  in  the  previous  investigation  by  the  flicker 

Authors'  Values  Step- by -step  method 

O  Individual    Values    1922 

.  Final    Average   Values 

Coblentic   and    Cnerson's  Values  Flicker   method 

O  Individual    Values    1916 

----"     Final    Average    Values 
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Fig.  io. — Comparisons  of  individual  data  obtained  in  the  present  investigation,  and  in 
that  of  Coblentz  and  Emerson. 

method  at  the  bureau  (2)  in  1916.  All  but  one  of  these  took  two 
or  more  complete  sets,  and  12  out  of  the  18  were  classed  in  the 
present  investigation  as  good  observers.    Individual  comparisons 
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for  the  two  investigations  are  made  in  Figures  lo  to  12,  compari- 
sons between  the  averages  of  the  18  in  Figure  13.  In  Figure  14 
are  shown  results  similar  to  those  of  Figure  13,  but  with  four 

Authdrs'  Values  Step-by-step   method 

o  Individual    Values    1922 

-^-^—      Final    Average    Values 

Coblentz   and    Emerson's    Values  Flicker    method 
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Final    Average    Values 
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Fig.  II. — Comparisons  of  iiidividual  data  obtained  in  the  present  investigation,  and  in 
that  of  Coblentz  and  Emerson. 

observers  omitted  who  showed  the  largest  discrepancies  in  the 
two  investigations.  Three  of  these  four  were  classed  as  poor 
observers,  leaving  ii  of  the  14  common  observers  of  Figure  14 
classed  as  good  observers. 
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Considering  first  the  final  average  visibilities,  the  following 
points  may  be  noted:  (i)  There  is  a  difference  in  the  wave  length 
of  maximum  visibility — 557  tn/j,  in  the  former  investigation,  553  m/x 

Authors'    Values  Step-by-step    method, 
o           Individual    Values    1922 
Final    Average    Values 

Coblentz    and    Emerson's   Values  Flicker    method 
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Fig.  12. — Comparisons  of  individual  data  obtained  in  the  present  investigation,  and  in 
that  of  Coblentz  and  Emerson. 

in  this  one;  (2)  on  the  red  side  of  the  maximum  the  flicker  measm-e- 
ments  are  higher  than  the  present  ones  out  to  about  640  m^t; 
(3)  beyond  650  m/i  results  are  not  greatly  different,  considering 
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the  difficulties  of  measurement  in  this  region;  (4)  on  the  blue  side 
of  the  maximum  the  two  curves  are  nearly  coincident  out  to 
490  mju;  (5)  beyond  this  wave  length  the  two  curves  diverge,  this 
divergence  being  a  result  of  the  apparent  irregularity  in  the 
step-by-step  curve  near  480  ran. 

In  searching  for  possible  reasons  for  the  important  differences 
on  the  red  side  of  the  maximum  it  seeems  reasonable  to  exclude 
large  errors  in  the  energy  measurements,  since,  as  explained  in 
Section  II,  2,  the  relative  energy  values  for  lamp  171 7  v/ere  meas- 
ured by  Coblentz  himself  in  191 7,  only  a  year  after  his  visibility 
investigation,  and  the  energy  values  of  the  source  in  the  present 
investigation  were  obtained  from  lamp  171 7  by  spectropho to- 
metric  and  colorimetric  measurements.  The  choice  of  observers 
can  certainly  not  be  the  reason,  since  there  were  125  with  the 
flicker  method  and  52  in  the  present  investigation,  and  since  the 
averages  of  the  common  observers  (figs.  13  and  14)  show  dif- 
ferences as  great  as  or  greater  than  these  final  average  differences. 
Field  brightnesses  were  of  the  same  order  of  magnitude,  those  in 
the  present  measurements  from  one  to  two  times  higher  than  in  the 
former,  and  a  3°  field  was  used  as  compared  with  a  2°  one  with 
the  flicker  method.  The  differences  are  opposite  in  direction  to 
those  to  be  expected  because  of  the  difference  in  ages — about  six 
years.  Apparently  the  only  conclusion  is  that  the  difference  is 
one  of  method  (flicker  in  the  one  case  and  equality  of  brightness 
in  the  other)  for  the  particular  field  sizes  and  brightnesses  of  the 
two  investigations.  This  general  question  will  be  discussed  f  lurther 
in  connection  with  the  comparisons  with  still  other  investigations. 

The  18,  or  14,  common  observers  (figs.  13  and  14)  show  differ- 
ences in  the  same  direction  as  do  the  final  averages  (except  in  the 
far  red)  and  of  the  same  or  greater  magnitude.  The  14  observers 
of  Figtue  14  average  almost  exactly  normal  by  the  step-by-step 
method  but  are  slightly  red  sensitive  by  the  flicker  method.  The 
exclusion  of  the  four  observers  in  Figtu-e  14  changed  the  average 
of  the  common  observers  by  the  step-by-step  method  but  did  not 
appreciably  affect  their  average  by  the  flicker  method. 

The  individual  visibility  values  (figs.  10  to  12)  show  as  a  whole 
the  same  trend  of  differences  as  do  the  averages,  but  of  widely 
varying  magnitude.  In  the  majority  of  cases  the  agreement  on 
the  blue  side  of  the  maximum  is  good,  while  on  the  red  side  it  is 
poor,  this  resulting,  of  course,  in  the  final  average  differences  as 
shown.     Only  three  or  four  observers  obtained  higher  values  in 
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the  orange  by  the  step-by-step  method  than  by  the  flicker  method, 
and  these  differences  were  slight. 

It  may  be  noted  that  these  i8  common  observers  include  those 
who  show  the  most  extreme  variations  from  the  normal,  and  the 
curves  thus  give  a  good  idea  of  the  variations  to  be  expected  among 
a  large  group  of  observers.  In  this  connection  reference  may  also 
be  made  to  Figure  13  of  Coblentz  and  Emerson's  paper,  which 
gives  all  125  curves  plotted  in  the  same  figure. 

A  matter  of  interest  in  these  comparisons  is  the  method  of 
averaging.  Hyde,  Forsythe,  and  Cady  state  that  they  averaged 
Coblentz  and  Emerson's  125  individual  values  by  the  method  of 
equal  areas  of  the  luminosity  curves  and  obtained  essentially  the 


1.00 


.75 


.50 


.25 


450  500  550  600  650  700 

WAVE    LENGTH    millimicrons 


4S0 

500 

5! 

% 

600 

\ 

9 

700 

I.OO 

Total  Number  of  Obse^ve^s 
Common    to    Both 
Investigations 

^ 

^ 

h 

q 

}\^ 

) 

< 

) 

\ 

>• 
1- 

\^ 

i.-r^ 

18  Obs.  500-600  ms» 
6  Obs.  End  Regions 
o  Authors 

\ 

V 

\\ 

x\io 

xHioo 

CO 

> 

\ 

V 

i 

Step-bu-Step  Method  1922 

^^ 

M 

> 

5.50- 

O  Coblentz  and  Emersor 
Flicker  Method   1916 

Final  Average  Visibilities 

1 

V 

U 

1 

\ 

V 

u 

/ 

\\ 

', 

UJ 

/ 

p 

••— —  Coblentz  an< 
Emerson 

/ 

^^ 

Y 

b 

\' 

i\ 

/ 

< 

^ 

'A 

.25- 

^ 

\ 

'\ 

/. 

\ 

<^ 

V 

\ 

^' 

u 

\ 

\ 

^ 

■n' 

o 

k-i 

n 

*^ 

'\ 

__ 

b^ 

)<-' 

J 

_ 

_ 

_ 

_ 

_ 

u 

_ 

1 

H 

_ 

u 

_ 

V 

►£ 

Fig. 


13- 


Comparisons  of  average  data  obtained  in  the  present  investigation,  and  in 
that  of  Coblentz  and  Emerson. 


same  results  as  the  latter  did  averaging  on  the  basis  of  unit  maxima 
of  the  visibility  curves.  They  caution,  however,  on  the  differ- 
ences to  be  expected  by  the  two  methods  of  averaging  if  but  a  few 
individuals'  values  are  being  averaged. 

The  authors  averaged  their  52  observers  by  the  method  of  unit 
maxima  of  the  visibility  ciurves  and  obtained  essentially  the  same 
results  as  were  obtained  on  the  basis  of  equal  areas  of  the  luminos- 
ity curves.  In  Figmres  13  and  14  the  values  of  the  observers  by 
the  flicker  method  were  taken  from  the  published  data,  unity  at 
the  maxima,  and  were  averaged  on  that  basis,  while  the  same 
observers  in  this  investigation  were  averaged  on  the  usual  equal- 
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areas-of-luminosity  basis.  It  seemed  desirable,  therefore,  to 
average  the  14  observers  of  Figure  14  by  the  step-by-step  method 
on  the  tmit-maxima-of-visibility  basis,  to  afford  a  more  accurate 
comparison  of  the  two  methods.  This  was  done,  and  the  results 
are  shown  by  the  small  horizontal  dashes  in  Figm-e  14.  Results 
by  the  two  methods  are  brought  into  slightly  better  agreement, 
therefore,  for  the  14  (and  probably  18)  obsei-vers,  but  are  unaffected 
in  the  case  of  the  total  number  of  observers,  when  the  same  method 
of  averaging  is  employed. 


450 

soo 

550 

600 

6J 

3 

-700 

Observers  Common  to  Both 

Investigations 

14  Obs.  SOO-680  m^ 

^ 

u^ 

h 

o 

1 

/ 

' 

\N 

) 

? 

f 

i 

\ 

^, 

1 

>- 

^ 

\v 

ps- 

6  Obs.  End  Regions 

0   Authors  [o^rt'lTLtr^ 
Step-by-Step  Method  1322 

f\ 

^ 

W 

> 

\\ 

Ao 

i 

00 

> 

\ 

\P 

' 

O  Coblentz  and  Emerson 

\\ 

Flicker  Method  1916 
Final  Average   Visibilities 

y> 

^.50- 

\ 

y 

\\ 

1'' 

— —  Coblentz  and     J 

P 

Emerson 

\\ 

;\ 

\; 

'A 

j 

\ 

K 

D 

\ 

\ 

/ 

^ 

^ 

I 

'^\5 

J 

Ki 

s 

'o 

\, 

H 

, 

-rf 

b 

^ 

•o 

\ 

\ 

1 

d 

W 

V 

_ 

_ 

_ 

1 

'0 

^ 

'O 

1.00 


75 


.50 


.25 


450 


500 


550 


600 


650  700 

WAVE    LENGTH    millimicrons 


Fig.  14. — Same  as  Figure  ij,  omitting  those  observers  showing  widest  discrepancies  in 

the  two  investigations. 

2.  STEP-BY-STEP  DETERMINATION  OF  HYDE,  FORSYTHE,  AND   CADY. 

During  the  course  of  the  present  investigation  it  was  possible 
to  obtain  four  observers  from  the  Nela  Research  Laboratories 
whose  visibility  had  been  measiu-ed  by  the  step-by-step  method 
there  (8)  in  1 91 8.  Not  as  thorough  a  comparison  could  be  made  as 
was  desirable,  not  only  because  of  the  small  number  but  also  for  the 
reason  that  but  two  of  the  four  had  the  time  to  take  two  complete 
sets  of  measurements.  Nevertheless,  the  comparison  is  of  inter- 
est and  value,  and  the  comparative  results  are  shown  in  Figures 
15  and  16.  In  Figure  15  the  averages  of  the  four  observers  are 
compared,  in  Figure  16  the  individual  values.  In  both  figures 
the  final  average  values  for  each  investigation  are  given. 
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Comparing  first,  again,  the  final  average  visibilities  for  the  two 
investigations,  it  will  be  noticed  that  around  the  maximum  and 
on  the  blue  side,  except  at  520  and  530  m^,  there  is  very  close 
agreement.  On  the  red  side,  however,  there  is  an  increasing  diver- 
gence between  the  two  curves  as  the  wave  length  increases.  It 
is  improbable  that  errors  in  the  energy  measurements  in  either 
case  could  cause  any  appreciable  amount  of  this  difference.  The 
excellent  check  obtained  on  the  color  temperature  of  a  standard 
lamp  in  the  two  laboratories  seems  to  preclude  this.  Another 
possible  reason  might  be  the  difference  in  the  observers.  The 
large  number  of  observers  in  the  two  investigations,  however — 29 
in  one  case  and  52  in  the  other — is  evidence  against  this,  as  is  also 
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Fig.  15. — Comparisons  of  average  data  obtained  in  the  present  investigation,  and  in 
that  of  Hyde,  Forsythe,  and  Ccdy. 

the  fact  that  the  averages  of  the  four  common  observers  show 
differences  in  the  same  direction  as  do  the  final  averages.  A  third 
possibility  for  explaining  the  divergence  lies  in  the  experimental 
conditions.  The  field  brightnesses  used  were,  however,  not  greatly 
different  in  the  two  cases,  those  in  this  investigation  being  slightly 
higher  than  those  in  the  Nela  measurements;  but  in  the  size  of  the 
field  used  there  is  a  decided  difference.  In  this  investigation  the 
field  was  3°  in  diameter;  at  Nela  the  usual  I^ummer-Brodhun 
spectrophotometer  field  was  used — the  effective  diameter  uncer- 
tain, but  less  than  10°.  This  difference  in  field  size  may,  there- 
fore, be  a  real  cause  of  the  divergence  in  values  in  the  orange  and 
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red  regions,  and  the  direction  of  this  difference  agrees  with  the 
conclusions  reached  by  other  investigators  (i),  (8),  (lo). 

As  regards  the  averages  of  the  four  observers  common  to  both 
investigations  (fig.  15),  they  show  differences  as  noted  above  in 
the  same  direction  as  the  final  averages.  The  variations  in  magni- 
tude of  this  difference  are  directly  traceable  to  the  large  individual 
differences  for  the  four  observers.  The  average  for  the  four  is 
more  nearly  normal  in  this  investigation  than  it  was  in  the  former 
one. 
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Comparisons  of  individual  data  obtained  in  the  present  investigation,  and  in 
those  of  Hyde,  Forsythe,  and  Cody,  and  of  Ives. 


The  individual  visibilities  (fig.  i6)  show  differences  of  such  a 
nature  as  to  make  it  difficult  to  form  any  conclusion  unless  it  is 
that  an  individual's  visibility  may  be  subject  to  considerable 
variation  from  time  to  time.  In  these  fom-  cases  one  observer  gets 
very  close  agreement,  if  allowance  is  made  for  the  difference  in  the 
final  average  visibilities;  three  get  higher  values  in  the  blue  in  this 
investigation  than  in  the  former;  while  in  the  red  two  come  higher 
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and  two  lower.  Further  evidence  concerning  the  variation  of  an 
observer's  visibility  from  time  to  time  is  brought  out  later  in  the 
paper. 

The  visibility  values  given  in  Figures  16  and  19  for  Hyde, 
Forsythe,  and  Cady  for  the  end  regions  of  the  spectrum  were  those 
obtained  by  a  spectral  pyrometer  method,  as  noted  in  the  figures, 
and  arbitrarily  joined  to  the  step-by-step  method  ciurve  at  500  and 
650  mjLt.  Differences  in  the  final  average  values  may  be  noted  in 
the  figures.  It  may  be  remarked  that  considerable  of  the  differ- 
ences in  the  far  red  would  be  eliminated  if  the  spectral  pyrometer 
values  were  united  to  the  present  authors'  step-by-step  values  at 
650  m/i.  It  is  also  of  interest  to  note  that  the  only  observer  of  the 
four  (No.  42)  who  made  measurements  below  490  tan  in  the  present 
investigation  obtained  lower  values  in  the  blue  than  he  did  in  the 
previous  investigation,  whereas  the  average  differences  were  the 
reverse  of  this. 

3.  FLICKER  DETERMINATIONS  OF  IVES  AND  OF  NUTTING. 

Two  of  the  four  observers  common  to  this  investigation  and  to 
that  of  Hyde,  Forsythe,  and  Cady  were  also  used  in  the  measure- 
ments made  by  Ives  (3)  in  191 2  by  the  flicker  method.  Individual 
comparisons  for  the  three  investigations  are  shown  in  Figure  16, 
comparisons  of  the  averages  in  Figure  17.  These  two  observers 
average  red  sensitive  in  all  three  investigations.  Relatively  close 
agreement  in  the  individual  data  may  be  noted  between  Ives's 
values  and  those  of  the  present  investigation. 

The  final  average  values  of  Ives  are  based  upon  18  observers. 
His  data  were  obtained  under  the  experimental  conditions  which 
he  had  concluded  were  necessary  to  bring  the  two  methods  of 
photometry  into  agreement,  viz,  a  2°  field  and  a  brightness  equiva- 
lent to  approximately  250  to  300  m-candles  through  a  i-mm^  slit, 
which  he  considered  equal  to  about  2.5  millilamberts  for  full  pupil 
illumination. 

In  1 914  Nutting  (4)  measured  the  visibility  of  21  subjects  by 
the  flicker  method,  using  a  2°  field  and  a  brightness  sHghtly 
greater  than  that  used  by  Ives.  His  results  are  shown  in  Figures 
18  and  19,  his  revised  values  being  given.  (This  revision  and  that 
of  Reeves  (fig.  19)  were  made  necessary  as  a  result  of  a  redeter- 
mination in  the  energy  distribution  of  the  acetylene  flame.) 

Both  Ives's  and  Nutting's  average  values  agree  closely  with  each 
other  and  with  those  of  the  authors  on  the  red  side  of  the  maxi- 


lyo 


Scientific  Papers  of  the  Bureau  of  Standards  [V0I19 


mum,  but  on  the  blue  side  show  extremely  wide  variations  from 
each  other,  the  authors'  values  coming  between  the  two  sets. 
Ives  (7)  intimates  that  this  difference  between  his  and  Nutting's 
values  may  be  ascribed  to  the  fact  that  observers  of  unknown  color 
characteristics  were  used  in  the  two  investigations  and  with  the 
numbers  used,  18  and  21,  the  average  curves  might  be  shifted 
from  the  position  which  would  be  obtained  with  a  larger  number. 
Since  these  two  investigations  were  made  tmder  similar  conditions 
so  far  as  field  size  and  brightness  are  concerned,  it  would  seem 
that  the  average  of  their  final  restdts  with  a  total  of  38  observers 
may  be  accepted  as  representative  flicker  values  for  those  condi- 
tions of  field   size   and  brightness  which   Ives  recommends   as 
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Fig.  17. — Comparisons  of  average  data  obtained  in  the  present  investigation,  and  in 
those  of  Hyde,  Forsythe,  and  Cady,  and  of  Ives. 

standard  in  order  to  bring  the  flicker  method  and  equality-of- 
brightness  method  into  agreement. 

In  Figure  i8  these  average  values  for  Ives's  and  Nutting's  inves- 
tigations, 38  observers,  have  been  plotted  and  compared  with  the 
authors'  values  for  52  observers  over  as  wide  a  wave  length  range 
as  was  common  to  the  three  investigations,  Ives's  extrapolated 
values  not  being  used.  The  resulting  agreement  is  close  over 
most  of  the  range  and  indicates  that,  if  Ives's  contentions  are 
valid  regarding  the  essential  experimental  conditions  for  making 
the  two  methods  of  photometry  agree — ^viz,  a  2°  field  and  a  bright- 
ness of  2.5  millilamberts — then  it  is  more  essential  that  the 
flicker  method  conform  closely  to  these  specifications  than  that 
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the  equality-of -brightness  method  should,  the  authors  using  a  3° 
field  and  a  brightness  one-half  to  one-fourth  that  used  by  Ives 
and  Nutting. 

This  last  statement  will,  perhaps,  summarize  the  results  of  the 
present  investigation  so  far  as  they  bear  upon  the  comparison 
of  the  flicker  and  equaHty-of-brightness  methods  of  photometry. 
Ives  (7)  states  that  Coblentz  and  Emerson's  curve  is  shifted  to  the 
red  because  the  field  brightness  was  only  one-fourth  that  recom- 
mended by  him,  and  that  the  curve  of  Hyde,  Forsythe,  and  Cady 
is  shifted  toward  the  blue  because  of  a  similar  disregard  of  the 
proper  field  size  and  brightness  to  be  used.  The  results  of  the 
present  investigation  are  not  in  conflict  with  these  conclusions, 
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Fig.  18. — Comparisons  of  average  data  obtained  in  the  present  investigation,  and  in 
those  of  Ives  and  of  Nutting. 

except  to  indicate  that  the  shift  of  Hyde's  curve  toward  the  blue 
is  a  restdt,  primarily,  of  the  large  field  size  rather  than  of  the 
brightness  used. 

4.  GENERAL  COMPILATION  OF  VISIBILITY  DATA. 

In  Table  3  are  given  all  the  extensive  visibility  data  to  date. 
There  are  included,  in  addition  to  the  data  already  discussed,  the 
data  of  Reeves  (5)  and  of  So  (6),  experimentally  obtained,  the 
empirical  data  of  Ives  (7)  on  the  transmission  of  his  solution  used 
for  physical  photometry,  and  average  data  recotomended  or 
adopted  by  Ives  (7),  Priest  (11),  the  Illuminating  Engineering 
Society  (12),  and  the  authors.     All  of  these  data  (excepting  the 
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adopted  averages  of  Ives  and  Priest)  are  plotted  in  Figure  19, 
and  in  Figure  20  the  four  adopted  or  recommended  averages  are 
given. 

In  addition  in  Table  3  are  given :  (a)  The  wave  length  centers 
of  gravity  of  the  visibility  curves;  (6)  the  areas  of  the  visibility 
curves  to  unit  maxima,  relative  to  the  authors'  recommended 
average;  (c)  the  wave  length  centers  of  gravity  of  the  resulting 
luminosity  curves  for  a  Planckian  radiator  at  2,077°  K. ;  and  {d) 
the  areas  of  these  luminosity  curves  to  unit  maxima — all  as  com- 
puted by  the  present  authors.  In  each  of  the  four  cases  the 
values  have  been  computed  for  two  wave  length  ranges — (a)  the 
complete  range,  where  the  data  will  permit  (complete  in  the 
sense  that  inclusion  of  data  at  wave  lengths  outside  of  those 
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Fig.  20. — Recommended  or  adopted  visibility  data.    See  Table  j, 

given  will  have  no  important  effect  upon  the  values  given),  and 
(6)  a  shorter  range,  complete  enough  to  give  approximate  values 
but  short  enough  to  enable  values  to  be  computed  for  most  of 
the  data. 

The  data  of  Reeves  by  the  flicker  method  comprised  only  13 
observers,  five  of  whom  were  common  to  Nutting's  investigation. 
He  also  used  Nutting's  energy  values.  His  field  size  and  effec- 
tive brightness  are  not  stated.  His  data  disagree  considerably 
on  the  red  side  of  the  cmve  from  the  other  flicker  data,  and  the 
visibility  curve  is  the  narrowest  of  any  so  far  obtained.  The  small 
number  of  observers  could  easily  account  for  these  differences, 
although  the  averages  for  the  five  observers  who  were  common 
to  both  his  and  Nutting's  investigations  show  the  same  sort  of 
differences  as  do  the  final  curves. 
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The  data  of  So  by  the  flicker  photometer  are  interesting  as 
showing  that  the  visibility  of  the  average  Japanese  is  probably  not 
appreciably  different  from  that  of  American  observers.  He  used  a 
field  of  1 .5°  and  an  effective  brightness  probably  not  less  than  that 
recommended  by  Ives. 

The  transmission  data  of  Ives's  physical  photometer  solution 
are  entirely  empirical.  Their  greatest  importance  lies  in  the 
resulting  value  of  the  wave  length  center  of  gravity  of  light  at 
2,077°  K.,  since  it  was  with  a  carbon  light  at  this  color  temperature 
that  the  data  have  been  correlated  with  those  of  a  large  number  of 
observers.     This  value,  as  computed  by  the  authors,  is  581.6  mju. 

Any  average  visibility  curve  should,  therefore,  give  approxi- 
mately this  center  of  gravity  for  a  Planckian  radiator  at  2,077°  K. 
But  it  must  not  only  do  this;  it  must  also  represent  a  reasonable 
average  of  the  more  extensive  visibility  data  as  directly  measured. 
Now  the  I.  K.  S.  curve  does  give  this  wave  length  center  of  gravity 
for  2,077°  K.  as  is  shown  in  Table  3,  but  it  is  very  obvious  from 
Figtu-e  19  that  the  curve  is  not  a  good  average  of  the  data  from  510 
to  550  m/i. 

The  authors  have  chosen  the  values  of  Coblentz  and  Emerson's 
data  in  this  region  for  their  recommended  average.  These  values 
lie  very  close  to  the  experimental  data  of  Hyde,  Forsythe,  and 
Cady,  to  the  authors'  data,  and  to  the  average  Ives-Nutting  data 
shown  in  Figure  18. 

Such  a  change,  however,  would  shift  the  wave  length  center  of 
gravity  of  the  luminosity  curve  for  2,077°  K.  from  its  measured 
value  of  581.6  m/i  unless  balanced  by  a  corresponding  increase  in 
values  at  wave  lengths  greater  than  this.  The  authors  believe 
such  a  change  in  the  visibility  is  warranted  by  the  experimental 
data.  In  the  region  from  690  to  650  m^  the  majority  of  the  data 
lie  above  the  I.  E.  S.  curve.  They  have,  therefore,  made  the 
changes  shown  in  Figure  19  and  Table  3,  continuing  the  changes 
to  620  to  produce  a  smooth  curve.  These  changes,  although 
appearing  slight  on  the  visibility  curve,  are  sufficient  to  bring  the 
center  of  gravity  for  2,077°  K.  back  to  581.6  m/i.  (Slight  addi- 
tional changes  may  be  noted  at  560  and  720  m^t,  Table  3.) 

The  authors'  recommended  average,  therefore,  meets  both  require- 
ments: (a)  It  satisfies  the  direct  experimental  measurements,  and 
(6)  it  gives  the  same  wave  length  center  of  gravity  for  a  color  tem- 
perature of  2,0'/'/'°  K.  as  thai  found  by  Ives  for  the  average  of  a  large 
number  of  observers. 


G&son  *] 
Tyndalli 


Visibility  of  Radiant  Energy 


177 


The  I.  K.  S.  data  in  the  violet  have  been  accepted  by  the  authors 
for  lack  of  any  good  reason  for  changing  them,  but  the  relative 
as  well  as  the  absolute  values  are  very  uncertain  and  must  be 
considered  as  tentative  only. 

Values  of  visibility  around  the  maximum  have  been  plotted  to 
a  magnified  scale  in  Figure  21.  The  wave  lengths  of  the  maxi- 
mum visibility  are  also  given,  where  these  have  been  stated  by 
the  respective  authors.  Attention  is  called  to  the  close  agree- 
ment between  the  two  step-by-step  determinations,  in  spite  of 
the  fact  that  Hyde,  Forsythe,  and  Cady  give  556  for  their  maxi- 
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Fig.  21. — Values  of  Figure  ig,  magnified,  in  region  of  maximum  visibility. 

mum  and  the  authors  553.  Hyde,  etal.,  state  that  the  value 
they  give  is  uncertain  by  3  m^t,  because  of  uncertainty  in  drawing 
the  curve,  and  it  may  be  noted  that  their  actual  values  at  550 
and  540  m/j,  are  higher,  respectively,  than  those  at  560  and  570  mju. 
The  authors  consider  their  value  of  553  m/i  graphically  uncertain 
by  not  more  than  ±  i  tnij..  It  would  seem  from  a  study  of  all 
the  data  that  555  m/i  would  be  a  better  average  value  for  the 
maximum  than  556  as  adopted  by  the  I.  B.  S.,  this  shift  in  the 
wave  length  of  maximum  value  being  directly  connected  with  the 
increase  in  values  from  510  to  550  m/x,  as  mentioned  above. 


1 78  Scientific  Papers  of  the  Bureau  of  Standards  ivoi.19 

5.  PECULIARITIES  OF  INDIVIDUAL  DATA. 

The  question  naturally  arises  as  to  what  may  be  the  reason  for 
some  of  the  enormous  variations  which  have  been  found  in  some 
cases  in  the  same  individual's  visibility  curves  by  the  different 
investigations.  The  study  of  the  precision  of  the  step-by-step 
method  given  in  the  next  part  of  the  paper  and  the  known  pre- 
cision of  the  flicker  method  seem  to  preclude  the  possibility  that 
the  usual  observational  errors  can  be  blamed  in  all  cases  for  the 
variable  data  obtained.     The  following  cases  may  be  noted: 

Observers  Nos.  34  and  42  (Fig.  16). — ^These  two  observers 
have  been  common  to  three  investigations.  They  have  had  long 
photometric  experience.  Ives  apparently  took  a  single  run  on 
each  observer  with  check  points.  Hyde,  Forsythe,  and  Cady 
took  at  least  two  runs  on  each  observer.  In  the  present  investiga- 
tion two  runs  with  check  points  were  made  on  No.  42  and  one  run 
with  check  points  on  No.  34.  The  agreement  between  Ives's 
and  the  present  data  is  relatively  close,  and  the  differences  are 
similar  to  those  in  the  final  curves  and  could  be  explained  on  the 
ground  of  observational  error  or  changes  in  visibility  with  increas- 
ing age.  But  the  values  given  by  Hyde,  et  al.,  are  clearly  unex- 
plained by  these  reasons.  They  state  that  some  observers 
obtained  results  on  the  two  trials  agreeing  within  3  or  4  per  cent, 
while  some  showed  differences  several  times  as  large.  Here, 
however,  are  differences  between  their  values  and  the  nearest  of 
the  other  two  values  as  large  as  25  or  50  per  cent  of  their  values. 
Considering  the  experience  and  known  precision  of  measurement 
of  these  two  observers,  it  seems  impossible  to  explain  these 
differences,  except  as  actual  variations  in  their  visibilities,  evoked, 
however,  possibly  by  the  different  experimental  conditions. 

Observer  No.  15  (Fig.  ii). — This  observer  has  had  consider- 
able photometric  experience  and  was  classed  in  this  investigation 
as  a  good  observer.  He  took  two  runs  with  check  points.  His 
curve  is  the  bluest  of  any  of  the  52  observers,  and  yet  he  was 
found  normal  by  the  flicker  method  on  the  average  for  three 
trials.  On  the  other  hand,  his  YjB  ratio  ^  by  the  flicker  method 
was  0.936  as  compared  with  the  normal  value  of  0.987.  He  was 
found  by  Coblentz  and  Emerson  to  be  variable  in  his  readings 
from  day  to  day. 

Observer  No.  9  (Fig.  10). — ^This  observer  took  a  single  run 
early  in   the   investigation   and   was  found  very  definitely  red 

'  Test  ratio  used  in  heterochromatic  photometry.    For  explanation,  see  reference  (lo)  of  bibliography. 
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sensitive.  A  few  months  later  he  took  a  double  run  and  was  found 
extremely  blue  sensitive.  The  curve,  as  drawn,  represents  the 
average,  double  weight  being  given  to  the  second  run. 

Observer  No.  52  (Fig.  12). — ^This  observer  is  high  in  the  red 
by  the  flicker  method  and  low  by  the  step-by-step  method,  rela- 
tive to  the  respective  averages.  Objects  often  appear  difiFerently 
colored  to  this  observer,  depending  upon  which  eye  is  used. 

Observers  Nos.  7,  21,  35,  and  44  (Figs.  10  to  12),  can  not  be 
taken  to  prove  anything  in  this  connection.  No.  35  took  but  a 
single  run.  No.  7  had  difficulty  in  reproducing  his  results  in  the 
yellow  and  orange,  where  the  color  difference  existed.  No.  44 
was  extremely  erratic  in  the  yellow  and  green. 

Contrasted  with  these  cases  are  those  who  practically  dupli- 
cated their  results  by  a  previous  investigation.  The  data  in  these 
figures,  as  a  whole,  might  be  taken  to  indicate  that  conclusions 
of  any  kind  based  upon  a  study  of  a  very  few  observers  may  be 
questionable. 

Observer  No.  23  (Fig.  ii)  is  partially  color  blind,  and  confuses 
reds  and  greens.  His  curve  shows  red  sensitiveness,  so  called,  but 
not  so  much  as  others  who  are  not  color  blind.  It  has  been  found 
by  others  (2)  that  a  color-blind  person  will  have  an  abnormal 
visibility  curve,  but  that  there  are  many  observers  with  abnormal 
visibility  curves  who  are  not  color  blind.  This  observer  was  the 
only  one  of  the  38  examined  who  showed  no  trace  of  the  usual 
irregularity  in  the  ratio  curve  below  480  m/x  (fig.  7) .  His  average 
ratio  values  stay  constant  (0.85  to  0.865)  between  480  and  430 m^. 

Observer  No.  19  (Fig.  ii),who  was  found  by  Coblentz  and 
Emerson  to  have  the  highest  values  of  any  observer  on  the  red 
side  of  the  maximum,  in  the  present  investigation  also  holds  the 
record  in  this  respect,  although  observer  No.  34  was  a  close  second, 
practically  a  duplicate.  No.  34  was  the  "reddest"  observer  in 
the  investigations  of  Hyde,  Forsythe,  and  Cady,  and  of  Ives. 

V.  PRECISION    OF   THE   MEASUREMENTS. 

The  experimental  errors  entering  into  the  determination  of 
visibiHty  by  the  step-by-step  method  may  be  classed  as  follows: 
(a)  Those  connected  with  the  energy  measurements  and  (6) 
those  connected  with  the  luminosity  measinrements,  which  latter 
may  be  subdivided  into  those  connected  with  the  photometric 
settings  and  those  connected  with  the  determination  of  the  size 
of  the  step.  In  this  discussion  it  has  seemed  worth  while  to  make 
rather  a  detailed  study  of  the  general  reliability  of  the  step-by-step 
method. 
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1.  ENERGY  MEASUREMENTS. 

Several  factors  are  involved  in  tlie  determination  of  the  relative 
spectral  distribution  of  radiant  energy  at  the  ocular  slit  of  the 
spectrophotometer.     These  are: 

I.  The  relative  spectral  energy  distribution  in  the  light  from  the 
source  used;  that  is,  from  the  back  of  the  light  box  L  of  Figure  i. — ^This 
was  measured  in  terms  of  that  of  the  intermediate  standard,  lamp 
3256,  which  was  in  turn  meastired  in  terms  of  that  of  the  funda- 
mental standard,  lamp  171 7.  The  uncertainties  in  the  energy- 
distribution  of  lamp  3256  were  minimized  by  the  check  measure- 
ments already  mentioned.  The  procedure  was,  in  brief:  (a)  Color 
matching  of  lamps  3256  and  3257  (exactly  similar  to  3256)  with 
lamp  1 717  by  four  experienced  observers,  the  same  voltage,  loi.o, 
being  obtained  for  both  lamps;  (b)  spectrophotometric  compari- 
son of  lamps  3256  and  3257  at  loi.o  volts  with  lamp  1717,  the 
two  lamps  agreeing  in  relative  energy  distribution  with  lamp 
171 7  within  about  ±1  per  cent  from  500  to  660  m^c  and  within 
about  ±  2  per  cent  beyond  these  wave  lengths  (with  no  consistent 
deviations)  without  the  aid  of  a  potentiometer  control;  (c)  the 
Nela  research  determination  of  the  color  temperature  of  lamp 
3257  at  loi.o  volts,  this  being  2,848°  K.,  exactly  agreeing  with 
that  computed  for  lamp  1717  from  the  original  radiometric  data 
of  Coblentz;  and  (d)  the  use  of  Coblentz's  original  data  on  lamp 
1717  as  best  expressing  that  of  lamp  3256.  It  is  thus  beHeved 
that  the  uncertainty  of  the  energy  of  lamp  3256  is  no  greater  than 
that  for  lamp  171 7,  the  reliabiHty  of  which  in  turn  was  increased 
by  the  excellent  independent  color-temperature  check  from  the 
Nela  Research  Laboratories. 

The  measurement  of  the  energy  of  the  light  from  the  back  of 
the  light  box  L  in  terms  of  that  of  lamp  3256  should  have  about 
the  same  reliability  as  that  found  when  the  energies  of  lamps 
3256  and  3257  were  measured  in  terms  of  that  of  lamp  1717,  viz, 
within  ±  I  to  ±2  per  cent.  This  reliability  was  also  increased  by 
the  repeated  measurements  which  were  made,  so  that  finally  there 
could  be  little  doubt  as  to  the  true  shape  of  the  curve  expressing 
the  ratio  of  the  energies  of  the  light  from  the  interior  of  the  box 
to  that  of  lamp  3256.  Each  pair  of  lamps  was  separately  meas- 
ured, as  well  as  all  8,  and  repeatedly  remeasured  to  correct  for 
the  slight  yellowing  due  to  the  tungsten  deposit  gradually  forming 
on  the  bulbs.  Measurements  were  repeated  after  observations 
were  completed  for  10  to  12  observers,  and  the  measurements 
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before  and  after  averaged  to  get  the  best  results  for  that  group. 
The  change  would  usually  be  from  i  to  3  per  cent.  New  lamps 
were  inserted  once  during  the  investigation.  The  shape  of  the 
curve  expressing  the  ratio  of  energies  of  the  light  from  the  box 
to  that  from  lamp  3256  showed  sufficient  selectivity  to  prove  that 
errors  of  several  per  cent  would  have  been  introduced  if  the  color 
temperature  of  the  light  from  the  box  had  been  taken  with  Planck's 
equation  solely  as  the  basis  of  energy  distribution. 

The  question  arose  as  to  whether  the  energy  in  beam  i  was  the 
same  as  that  in  beam  3,  Figure  i.  This  was  accordingly  tested  at 
two  different  times  and  it  was  found  that  beam  i  was  slightly  but 
definitely  bluer  than  beam  3.  Correction  was  therefore  made  to 
the  values  as  obtained  from  beam  3 . 

2.  Spectral  transmission  of  spectrophotometer. — ^As  already  de- 
scribed, this  was  measured  as  a  unit,  and  while  the  experimental 
difficulties  were  rather  great  the  measiurements  were  repeated 
until  the  uncertainty  of  the  curve  was  small.  The  red  end  is, 
perhaps,  more  uncertain  than  the  rest.  It  was  more  difficult  to 
get  values  to  check  on  that  end  and  no  intense  homogeneous 
source  was  available  for  check  such  as  the  Hg  435.8  line  in  the 
blue.  Measurements  made  on  other  spectrometers  and  on  prism 
glass  give  the  same  general  and  reasonable  shape  without,  how- 
ever, so  much  of  a  drop  in  the  red. 

3.  Dispersion  of  the  spectrophotometer. — Such  measiu-ements 
could  be  made  so  precisely  that  the  errors  are  considered  entirely 
negligible  in  comparison  with  the  others  entering  into  this  ques- 
tion. 

4.  Stray  light  or  spectral  transmission  of  filters  used  to  eliminate 
stray  light. — ^While  these  corrections  were  actually  made  to  the 
luminosity  (ratio)  measiirements,  they  may  well  be  considered 
here.  Stray-light  correction  was  made  only  from  510  to  460  mfi, 
inclusive,  since  the  filters  were  used  below  460  m/t  and  in  the  red. 
The  stray-light  curve  (fig.  5)  is  entirely  reasonable  and  amounts 
to  only  7  per  cent  at  460  m/x,  so  that  any  error  in  the  correction 
must  be  very  small  relative  to  the  Ituninosity.  In  the  case  of  the 
filters  the  absolute  values  of  transmission  were  somewhat  un- 
certain because  of  the  differences  obtained  by  the  different  methods, 
but  since  it  is  the  relative  values  over  the  wave  length  interval 
corresponding  to  the  step  which  are  necessary,  not  the  absolute 
values,  and  since  the  filters  were  used  so  far  as  possible  where  the 
transmission  ctirves  were  not  steep,  the  error  in  the  luminosity 
must  again  be  very  small. 
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It  would  seem  from  the  above  that  the  uncertainty  in  the 
spectral  energy  distribution  at  the  ocular  slit  of  the  spectrophoto- 
meter throughout  the  main  part  of  the  spectrum — that  is,  500  to 
660  m/x — would  be  within  ±  5  per  cent,  but  greater,  of  course,  for 
the  wave  lengths  outside  this  range,  perhaps  reaching  ±10  per 
cent  in  the  ends.  It  is  believed  that  this  uncertainty  can  not  be 
greater  than  that  in  other  investigations,  where  the  energy 
measurements  have  been  based  solely  on  radiometric  or  color- 
temperature  measurements  with  no  independent  checking. 

2.  LUMINOSITY  MEASUREMENTS. 

In  the  measm-ement  of  relative  luminosity  by  the  step-by-step 
method,  the  final  result  may  be  uncertain  for  two  experimental 
reasons :  (a)  There  may  be  errors  in  the  values  of  the  ratios  of 
luminosities  which  the  various  observers  obtained;  and  (&)  there 
may  be  errors  in  the  determination  of  the  size  of  step  or  wave 
length  interval  that  slit  5i  is  shifted.  The  first  uncertainty,  as  has 
been  noted,  was  the  basis  of  the  division  of  the  observers  into  two 
groups,  designated  as  good  and  poor.  It  will  vary  with  the  indi- 
vidual. The  second  uncertainty — that  resulting  from  an  error  in 
determining  the  step — ^is  more  nearly  independent  of  the  observer. 

Both  kinds  of  errors  or  uncertainties  affect  each  value  of  the 
ratio  as  used  in  the  computation.  It  is  of  interest  and  importance 
to  determine  the  order  of  magnitude  of  these  errors  in  the  lumi- 
nosity curve. 

Let  Lo,  Lj,  L2 Ln  be  the  values  of  the  luminosity  at  the 

wave  lengths  Xo,  \,  \-  •  •  Xn,  these  wave  lengths  being  separated 
from  each  other  by  the  exact  values  of  the  step  as  predetermined. 
Then 

The  values  LjLo,  L^jL^ L^fL^-i  will  be  the  values  of 

the  ratios  read  from  the  ratio  curve  at  Xo,  X^,  •  •  •  •  Xn_i,  respectively. 
Lo  will  be  the  arbitrary  value  of  the  luminosity  at  Xq. 

hetRi=LjLo;  R^^L^jL^ Rj,=Lj,/Ln-i,  and  let  e^,  e^, 

•  •  •  •  gn  be  the  probable  errors  in  i?i,  R^  ■  ■  ■  •  Rn,  respectively. 

By  the  general  formula  for  the  propagation  of  errors  (23),  we 
have  the  following  equation: 

-HfiJHW-'^  ■  ■  ■  ■  ■  ■  <wj^''  ^^ 

where  E^  represents  the  probable  error  in  Ln  resulting  from  the 
several  probable  errors  e^,  e^,  ■  •  ■  •  e^. 
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Now,  from  equation  (i)  et  seq., 

logLn  =  logLo  +  10gi?i+logi?2+  .    •    .    •    +logi?n  (3) 


and 


and 


L,n  Ri  R2  Ra 

'dRl^Rl'dR^^Rl' dK^Wr, 

.     P2—T     2\£L-A.^4.  .     .    .     .4.££in 
..iin   -i-n    \_R^2  +  K^2+'  +J^^2J 


(4) 

(5) 
(6) 


•tin  ,         /  ^1       I     ^2       ,  .    ^n  /_\ 

2::=±V^'^^'^ "^^^  ^^^ 

The  quantity  loo  E^/Ln  represents  the  propagated  probable 
error,  in  per  cent,  in  the  luminosity  at  Xn  which  results  from  the 
various  probable  errors  in  all  the  ratios  entering  into  the  compu- 
tations of  Ln  from  Lo. 

It  will  be  convenient  to  compute  each  of  the  two  classes  of 
probable  errors  separately,  as  if  the  other  were  not  present;  that 
is,  first,  the  errors  resulting  from  differences  in  the  values  of  R 
obtained  by  an  observer  at  different  trials,  and  secondly,  those 
resulting  from  an  error  in  the  determination  of  the  size  of  step. 
To  simplify  matters  an  occasional  approximation  has  been  used. 
Such  will  be  obvious  and  are  quite  permissible  in  a  discussion  of 
this  kind.  The  order  of  magnitude  of  the  error  is  the  important 
thing,  not  the  exact  numerical  value. 

(o)  OBSERVATIONAL  ERRORS. 

If  an  observer  made  but  a  single  set  of  observations,  this  error 
must  of  necessity  be  computed  from  his  photometric  settings. 
If  he  takes  two  or  more  sets  of  readings  of  the  ratio  at  a  given 
wave  length,  the  differences  in  his  average  ratio  values  may  be 
used  for  the  computation,  not  using  the  photometric  settings  at 
all,  and  the  computed  probable  error  may  be  caused  not  only  by 
photometric  errors  but  also  by  possible  differences  in  his  visibility 
at  different  times;  but  this  final  uncertainty,  for  whatever  cause, 
is  the  thing  of  primary  interest. 

The  data  for  three  good  observers  and  three  poor  observers 
were  chosen  for  this  study.  The  probable  error  in  the  final  indi- 
vidual average  ratio  was  computed  from  the  several  ratio  values 
for  each  observer  at  each  wave  length  at  which  observations 
were  made.  In  the  case  of  the  good  observers  two  values  of  the 
ratio  were  available   since,  as  a  rule,  they  took  but  two  sets  of 
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measurements;  with  the  poor  observers  three  or  more  values  of 
the  ratio  at  each  wave  length  were  available  for  this  computation. 

After  the  probable  errors  had  been  computed  at  each  wave 
length  for  the  three  good  and  the  three  poor  observers,  those 
for  the  three  good  observers  were  averaged  together  at  each 
wave  length,  and  Ukewise  those  for  the  three  poor  observers. 
The  result  would  be,  respectively,  the  approximate  probable 
error  at  each  wave  length  for  any  good  observer  and  any  poor 
observer,  and  a  final  average  of  both  would  be  that  for  the  aver- 
age observer,  so  far  as  that  can  be  determined  with  but  six 
observers. 

These  average  values  of  the  probable  error  of  the  ratios  (in 
per  cent)  as  experimentally  determined  for  the  two  classes  of 
observers  are  plotted  in  Figure  22,  large  and  small  circles,  with 
lines  drawn  through  the  averages.  It  is  interesting  to  compare 
these  probable  errors  with  the  brightness  curves  plotted  in  the 
same  figure.  Naturally  the  error  increases  at  the  extreme  ends 
of  the  spectrum.  Regions  of  maximum  precision  are  noticeable 
in  the  green  and  red,  but  in  the  yellow  and  orange  where  the  small 
hue  difference  was  observable  in  the  two  parts  of  the  photometric 
field,  the  probable  error  definitely  increases. 

The  distinction  between  good  and  poor  observers  is  easily 
apparent  from  5 10  to  660  m/x  and  it  was  in  this  region  only  that  the 
criterion  was  used.  It  happens  that  in  the  blue  these  three  poor 
observers  were  as  good  as  the  three  good  observers. 

Assuming  these  values  of  probable  error  constant  on  either  side 
half  way  to  the  next  value,  the  propagated  probable  error  was 
computed  from  equation  (7) ,  relative  to  the  wave  length  of  maxi- 
mum visibility.  The  number  of  terms  thus  used  in  the  right 
side  of  equation  (7)  to  get  the  propagated  error  at  any  wave  length 
was,  of  course,  the  same  as  the  number  of  steps  between  that  wave 
length  and  the  wave  length  of  maximum  visibility.  The  prop- 
agated probable  errors  thus  computed  for  the  good  and  the  poor 
observers  are  plotted  in  Figure  22. 

(5)  ERRORS  IN  THE  STEP. 

Let  Lg  and  Lj  (fig.  23)  be  the  luminosities  at  wave  lengths  X3 
and  X2,  L3/L2  =i^3  being  the  ratio  of  luminosities  for  the  step  AX  = 
X2  —  X3. 
Then 

AL=L,-L,=-~A\  (8) 

and 

^4:— ^-— rj^^         (9) 
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I/Ct  5i?3=e3  be  the  probable  error  in  i?3  arising  from  5X,  the 
probable  error  in  AX. 
Then 


and 


£3.  =  i  ^  gX 
iv,     Lo  aX 


(10) 


(II) 


If  the  factors  in  the  right  side  of  equation  (11)  are  known  for 
each  step  then  e/R  may  be  computed  and  E^,  the  probable  error 
in  Ln,  computed  by  equation  (7) . 


A.3  A,2 

Fig.  23. — To  accompany  Section  V,  2  ih)  of  paper. 

Since  the  step  used  was  variable  in  wave  length,  because  of  the 
dispersion,  but  constant  in  terms  of  the  scale  of  S-^  (except  for  the 
change  at  5 10  m/i) ,  it  has  been  more  convenient  to  use  the  equation 


e  _i  dL 
R''L'ds 


8s 


(12) 


which  may  be  derived  from  equation  (11),  since  s  =  So  +  :: — ^r'  ^^ 

A  —  Ao 

from  Figure  23  if  L  were  plotted  against  s  instead  of  against  X. 

With  equation  (12)  and  the  average  data  represented  in  Figure 
7  the  values  of  ejR  were  computed  at  each  step  throughout  the 
spectrum.  Instead  of  attempting  to  obtain  actual  values  of 
dLjds,  the  successive  differences  in  L  for  each  step  were  used. 
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These  values  of  L  were,  of  course,  already  available.  They  were 
multiplied  by  two  where  the  step  was  but  one-half  turn.  The 
values  of  hs  were  obtained  from  the  original  data  by  which  the 
calibration  of  slit  Si  was  made.  At  each  of  the  five  wave  lengths 
(fig.  6)  where  measurements  were  made  there  were  available  three 
sets  of  readings  corresponding  to  the  three  spectral  lines,  from 
which  an  average  probable  error  was  obtained.  The  probable 
error  in  the  number  of  scale  divisions  of  S^  corresponding  to  the 
interval  between  any  two  spectral  lines  would  equal  the  square 
root  of  the  sum  of  the  squares  of  the  two  probable  errors  arising 
in  the  settings  corresponding  to  the  two  spectral  lines.  When 
these  five  average  probable  errors  were  obtained,  they  were,  there- 
fore, multiplied  by  the  square  root  of  two  and  the  resulting  values 
plotted  as  a  curve.  Values  read  from  this  curve  were  taken  to 
represent  the  probable  error  bs  in  the  step  and  were  the  ones  used 
with  equation  (12). 

The  propagated  probable  errors  thus  computed,  relative  to  the 
wave  length  of  maximum  visibility,  are  less  than  0.2  per  cent 
between  wave  lengths  5 10  and  650  m/x,  less  than  0.5  per  cent  at 
430  m/i,  and  less  than  0.7  per  cent  at  740  m/i.  They  are  thus  negli- 
gible in  comparison  with  the  observational  errors. 

3.  GENERAL  RELIABILITY  OF  THE  STEP-BY-STEP  METHOD. 

It  is,  perhaps,  already  apparent  that  the  step-by-step  method 
of  measuring  visibility  is  capable  of  greater  precision  than  would 
be  expected  by  one  who  was  considering  the  method  for  the  first 
time.  The  usual  expectation  seems  to  be  that  the  cumulative 
errors  might  easily  become  enormous  and  would,  perhaps,  be 
greater  than  would  be  obtained  if  the  relative  luminosity  at  two 
wave  lengths  were  compared  directly  (rather  than  by  the  inter- 
mediate steps).  The  following  facts  are  offered  as  evidence  in 
this  connection : 

I.  The  step-by-step  or  cascade  method  has  been  used  (13)  to 
compare  the  candlepower  of  a  lamp  at  1,950°  C.  with  that  of  a 
lamp  at  1,610°  C.  with  six  intermediate  steps.  The  errors  were 
of  the  same  order  of  magnitude  whether  the  lamp  at  1,950°  was 
compared  directly  with  the  one  at  1,610°  C.  or  indirectly  with 
the  six  intermediate  steps.  All  the  colors  met  with  here,  how- 
ever, are  imsatm-ated  yellows  and  the  quality-of-color  differences 
very  small  compared  to  those  necessarily  present  if  spectral 
luminosity  is  measvued  by  the  equality-of-brightness  method 
without  the  step-by-step  feature. 
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2.  Crittenden  and  Richtmyer  (lo)  have  shown  that  for  an  exact 
quality-of-color  match  the  equality-of-brightness  method  of 
photometry  is  more  precise  than  the  flicker  method,  but  that, 
even  with  the  small  differences  met  with  in  artificial  light  pho- 
tometry, it  rapidly  loses  precision  and  becomes  poorer  than  the 
flicker  method,  the  precision  of  which  remains  nearly  constant. 
Ives  (i)  and  Coblentz  and  Emerson  (2)  made  rather  extensive 
comparisons  of  the  flicker  and  equality-of-brightness  methods  of 
meastuing  visibility  and  came  to  the  conclusion  that  the  flicker 
method  was  much  more  sensitive  and  reproducible  than  the  other. 
In  fact,  the  majority  of  observers  are  uncertain  within  wide  limits 
as  to  what  constitutes  a  photometric  match  where  the  two  parts 
of  the  field  differ  greatly  in  the  quality  of  the  color.  Ives  (14) 
found,  for  his  own  eye  under  conditions  of  high  illumination  and 
small  field,  an  exact  agreement  between  the  flicker  and  step-by- 
step  luminosities,  whereas  the  simple  equality-of-brightness 
method  gave  results  differing  considerably  from  the  others. 

3.  Data  given  by  Coblentz  and  Emerson  make  possible  a  direct 
comparison  between  the  flicker,  the  ordinary  equality-of-bright- 
ness, and  the  step-by-step  methods.  At  five  wave  lengths  in  the 
spectrum  their  observers  made  visibility  meastuements  by  the 
equality-of-brightness  method  (with  large  hue  differences)  in 
addition  to  the  flicker  method,  and  four  observers  made  trials 
by  both  methods  on  different  days.  Probable  errors  of  tJie  means 
computed  from  these  data  taken  on  different  days  will  be  directly 
comparable  with  those  given  in  Figure  22.  The  following  are  the 
probable  errors  as  computed  by  the  present  authors: 

1.  At  493  m/i,  4  observers,  2  to  3  trials  each,  average  probable  error  of  the  mean  8.3 
per  cent  by  equality-of -brightness,  3.0  per  cent  by  flicker  method. 

2.  At  523  va.n,  I  observer,  3  trials,  6.6  per  cent  by  equality-of-brightness,  2.8  per  cent 
by  flicker  method. 

3.  At  587.6  rail,  4  observers,  2  to  6  trials  each,  3.6  per  cent  by  equality-of-brightness, 
1.7  per  cent  by  flicker  method. 

4.  At  623  m/i,  3  observers,  3  to  6  trials  each,  3.2  per  cent  by  equality-of-brightness, 
2.0  per  cent  by  flicker  method. 

5.  At  654  mix,  2  observers,  3  trials  each,  2.3  per  cent  by  equality-of-brightness,  3.7 
per  cent  by  flicker  method.  (This  low  value  of  2.3  per  cent  for  equality-of-brightness 
was  a  result  of  one  of  the  two  observers  getting  the  unusually  low  value  of  0.2  per  cent. 
The  other  got  4.4  per  cent.) 

A  comparison  of  these  values  of  the  probable  error  of  the  mean 
of  two  or  more  trials  at  the  various  wave  lengths,  with  the  prop- 
agated errors  of  the  mean  of  Figure  22,  will  show  that  the  step- 
by-step  and  flicker  methods  of  measuring  visibility  have  the  same 
order  of  magnitude  of  precision,  and  that  either  method  is  superior 
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to  the  equality-of-brightness  method  that  involves  large  hue 
differences. 

4.  Further  evidence  that  the  step-by-step  method  has  a  reli- 
ability of  the  same  order  of  magnitude  as  the  flicker  method  is 
indicated  by  the  compiled  data  of  Figure  19.  Not  only  do  the 
two  step-by-step  curves  fall  within  the  extreme  flicker  cmves 
throughout  the  main  part  of  the  spectrum,  but  they  also  agree 
with  each  other  as  well  as  do  any  two  flicker  determinations. 

5.  In  a  search  for  fiurther  indications  of  the  comparative  reli- 
ability of  the  step-by-step  method  the  data  at  490  and  680  m/i  for 
the  52  observers  of  the  present  investigation  have  been  compared 
with  the  data  at  492  and  678  mju,  respectively,  for  the  first  52  observ- 
ers of  Coblentz  and  Emerson's  investigation.  This  was  done  by 
computing  the  "probable  error"  at  these  wave  lengths.  The 
following  values  were  obtained : 

1.  In  the  present  investigation  values  of  15.4  and  18.6  per  cent  were  obtained  as 
the  "probable  errors"  for  the  individual  observer  at  490  and  680  m/:*,  respectively, 
with  values  of  2.2  and  2.6  per  cent  as  the  "probable  errors"  of  the  means. 

2.  In  Coblentz  and  Emerson's  investigation  values  of  18.4  and  14.3  per  cent  were 
obtained  as  the  "probable  errors"  of  the  individual  observer  at  492  and  678  mja,  re- 
spectively, with  values  of  2.8  and  2.0  per  cent  as  the  "probable  errors"  of  the  means. 

These  figures  might  at  first  be  taken  to  indicate  about  equal 
precision  for  the  two  methods  at  these  wave  lengths.  It  is  tm- 
doubtedly  true,  however,  that  the  experimental  errors  are  masked 
by  the  real  differences  between  observers.  From  Figure  22  the 
average  probable  errors  for  the  individual  are  about  2  per  cent  at 
490  and  3  per  cent  at  680  m/x,  much  less  than  those  indicated  under 
(i)  above.  The  known  reproducibility  of  results  by  the  flicker 
method  is  also  much  better  than  indicated  by  (2)  above.  The 
important  result  of  these  last  computations  is  then  to  show  that 
by  either  method  the  experimental  errors  are  much  less  than  the 
differences  among  the  observers. 

The  authors,  therefore,  believe  it  correct  to  say  that  the  step- 
by-step  method  of  measuring  visibility  is  comparable  in  precision 
to  the  flicker  method  and  that  both  methods  are  considerably 
better  than  the  equality-of-brightness  method  involving  large 
hue  differences. 

VI.  SUMMARY. 

In  cooperation  with  the  Nela  Research  I^aboratories  visibility 
data  for  52  observers  have  been  obtained  by  the  so-called  step- 
by-step  method,  an  equality-of-brightness  method  with  little  or 
no  hue  difference  in  the  two  parts  of  the  photometric  field.     Several 
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of  these  observers  were  common  to  previous  investigations  by  the 
step-by-step  or  flicker  methods.  The  final  average  values  obtained 
fall  within  the  values  obtained  in  other  investigations,  except  in 
parts  of  the  outer  regions  of  the  spectrum. 

Comparisons  between  individuals  common  to  other  investiga- 
tions show,  on  the  average,  the  same  sort  of  agreement  or  disagree- 
ment as  do  the  final  average  curves.  There  is  evidence  that  the 
visibility  of  some  individuals  varies  considerably  from  time  to  time. 

There  is  no  certain  difference  between  tlie  average  values  of 
visibility  obtained  by  the  flicker  and  equality-of -brightness  meth- 
ods, provided  the  former  is  used  imder  the  experimental  condi- 
tions recommended  by  Ives,  and  the  latter  does  not  depart  too 
widely  from  these  conditions.  This  does  not  conflict  with  the 
conclusion  of  Hyde,  Forsythe,  and  Cady,  and  others  that  there  is 
a  difference  between  the  visibility  curves  obtained  by  the  two 
methods  when  the  usual  large  Lummer-Brodhun  field  is  used  for 
the    equality-of-brightness  measurements. 

A  revision  of  the  I.  E.  S.  mean  curve  is  proposed  which  results 
in  better  agreement  with  the  average  experimental  visibility  data 
and  still  gives  the  same  wave  length  center  of  gravity  for  light 
of  a  color  temperature  of  2,077°  K.  as  is  given  by  Ives's  physical 
photometer  solution. 

The  step-by-step  method  of  measuring  visibility  is  a  reliable 
method  with  a  precision  comparable  with  that  of  the  flicker  method 
and  much  superior  to  the  simple  equality-of-brightness  method 
involving  large  hue  differences. 

Further  statistical  investigations  would  not  seem  to  be  as  impor- 
tant as  investigations  into  the  effect  of  experimental  conditions, 
such  as  field  size  and  brightness,  upon  the  visibiUty  obtained  by 
the  two  common  methods  of  photometry.  The  investigation  along 
these  lines  conducted  by  Ives  should  be  supplemented  and  his 
conclusions  verified,  if  correct.  The  step-by-step  equaHty-of- 
brightness  method  should,  however,  be  used,  rather  than  the  one 
involving  large  hue  differences,  and  the  investigation  extended  to 
include  many  more  observers. 

Such  an  investigation  will  probably  be  undertaken  at  the  bureau 
in  the  near  future,  plans  for  which  are  already  under  way.  This 
will  include  permanent  apparatus  for  the  measurement  of  visibility. 
Such  apparatus  will  not  only  make  possible  a  thorough  comparison 
of  the  flicker  and  step-by-step  methods  of  measuring  visibility  (as 
well  as  the  equality-of-brightness  method  involving  large  hue  dif- 
ferences) ,  but  will  enable  the  visibility  of  any  observer  to  be  studied 
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at  various  times  and  the  data  correlated  with  other  data  in  physio- 
logic optics.  It  will  further  make  it  possible  for  anyone  who  is 
particularly  interested  in  his  own  visibility  to  obtain  it  at  the 
bureau  at  a  minimum  of  time  and  effort. 
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